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EXACT CONTROLLABILITY OF A NONLINEAR KORTEWEG-
DE VRIES EQUATION ON A CRITICAL SPATIAL DOMAIN*

EDUARDO CERPAT

Abstract. We consider the boundary controllability problem for a nonlinear Korteweg—de Vries
equation with the Dirichlet boundary condition. We study this problem for a spatial domain with a
critical length for which the linearized control system is not controllable. In order to deal with the
nonlinearity, we use a power series expansion of second order. We prove that the nonlinear term gives
the local exact controllability around the origin provided that the time of control is large enough.
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1. Introduction. Let L > 0 be fixed. Let us consider the following Korteweg—de
Vries (KdV) control system with the Dirichlet boundary condition

Oy + Opy + 03y + yO,y =0,
(1.1) y(t,0) =y(t, L) =0,
dpy(t, L) = u(t),

where the state is y(¢t,-) : [0, L] — R and the control is u(t) € R. This is a well-known
example of a nonlinear dispersive partial differential equation. This equation has been
introduced by Korteweg and de Vries in [14] to describe approximately long waves
in water of relatively shallow depth. A very good book to understand both physical
motivation and deduction of the KdV equation is the book by Whitham [23].

We are concerned with the exact controllability properties of (1.1). In [17] Rosier
has proved that this control system is locally exactly controllable around the origin
provided that the length of the spatial domain is not critical. This was done using
multiplier techniques and the Hilbert Uniqueness Method (HUM) method introduced
by Lions (see [15]).

THEOREM 1.1 (see [17, Theorem 1.3]). Let T > 0, and assume that

2 2
(1.2) L¢N:= {2m/w;k,leN*}.

Then there exists r > 0 such that, for every (yo,yr) € L*(0,L)* with ||yol|2(0,0) < r
and ||lyr||z2(0,0) < 7, there exist u € L?(0,T) and

y € C([0,T],L*(0,L)) N L*(0, T, H'(0, L))

satisfying (1.1), y(0,-) = yo, and y(T,-) = yr.
Moreover, Rosier proved that the linearized control system of (1.1) around the
origin, which is given by
Oy + Oy + 83y =0,
(1.3) y(t,0) =y(t,L) =0,
Owy(t, L) = u(t),
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is not controllable if L € N. Indeed, there exists a finite-dimensional subspace of
L?(0,L), denoted by M, which is unreachable for the linear system. More pre-
cisely, for every nonzero state 1 € M, for every u € L?(0,T), and for every y €
C([0,T),L?(0,L)) N L?(0,T, H*(0, L)) satisfying (1.3) and y(0,-) = 0, one has

Remark 1.2. If one is allowed to use more than one boundary control input, there
is no critical spatial domain, and the exact controllability holds for any L > 0. More
precisely, let us consider the nonlinear control system

3 —

y(t, O) = ul(t>7 y(t7 L)= u2(t)7 8a:y(t, L) = U3(t),

where the controls are uq(t), ua(t), and ugz(t). As has been pointed out by Rosier in
[17], for every L > 0 the system (1.4) with u; = 0 is locally exactly controllable in
L?(0, L) around the origin. Moreover, using all three control inputs, Zhang proved in
[24] that for every L > 0 the system (1.4) is exactly controllable in the space H*(0, L)
for any s > 0 in a neighborhood of a given smooth solution of the KdV equation.

Recently, Coron and Crépeau in [8] have proved Theorem 1.1 for the critical
lengths L = 2k7w, with k € N* satisfying

(1.5) B(m,n) € N* x N*, with m? +mn +n? = 3k? and m # n.

For these values of L, the subspace M of missed directions is one-dimensional and is
generated by the function f(x) = 1 — cos(z). Their method consists, first, in moving
along this direction by performing a power series expansion of the solution and then
in using a fixed point theorem.

Remark 1.3. The condition (1.5) has been communicated to the author by Coron
and Crépeau. They pointed out that if it is not satisfied, then the dimension of the
missed directions subspace is higher than one, and the proof given in [8] does not
work anymore.

In this paper, we follow the method of Coron and Crépeau to investigate the case
of critical lengths for which the subspace M is two-dimensional. The set of lengths for
which it holds is denoted by N’. We will see in section 2 that N’ contains an infinite
number of lengths.

This paper is organized as follows. First, in section 2, we study the linearized
control system (1.3), and we provide a complete description of the space M in terms
of the length L of the spatial domain (0, L). Then, in section 3, we prove in the case
L € N’ that the nonlinear term y0,y allows us to reach all of the missed directions
provided that the time of control is large enough. We give an explicit expression of
the minimal time required by our method. Finally, in section 4, we get the local exact
controllability by means of a fixed point theorem; i.e., we prove our main result.

THEOREM 1.4. Let L € N'. There exists Thy > 0 such that for any T > Ty there
exist C > 0 and r > 0 such that for every (yo,yr) € L*(0,L)? with |lyollr2(0,0) < T
and ||lyr||lr20,0) < there exist u € L*(0,T) with

(1.6) lull 20,7y < Cllyoll 20,2y + ||1/T||L2(0,L))1/2

and
y € C([0,T],L*(0,L)) N L*(0,T, H' (0, L))

satisfying (1.1), y(0,-) = yo, and y(T',") = yr.
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Remark 1.5. The power 1/2 in the estimate (1.6) comes, as we will see, from
performing a power series expansion of second order to deal with the nonlinearity. The
same estimate holds with power 1/3 for the critical lengths studied in [8] (third-order
expansion) and with power 1 for the noncritical lengths studied in [17] (first-order
expansion).

Remark 1.6. In order to complete the study of the exact controllability of system
(1.1), it is necessary to investigate the case where the dimension of the space M is
bigger than 2. An approach would be to use the exact controllability of the nonlinear
equation around nontrivial stationary solutions proved by Crépeau (in [10] for the
domains (0, 27k) and in [11] for any other domain (0, L)) and then to apply the method
introduced in [5] (see also [1, 2]), that is, the return method (see [3, 4]), together with
quasi-static deformations (see also [9]). With such a method, one should obtain the
exact controllability of (1.1) for a large time. However, it seems that the minimal
time required with this approach is far from being optimal.

Remark 1.7. In Theorem 1.4, we get the local controllability for (1.1) provided
that the time of control is large enough. However, we may wonder if this condition
on the time is really necessary. This is an interesting open problem since one knows
that even if the speed of propagation of the KdV equation is infinite, it may exist a
minimal time of control. This is, for example, the case of a nonlinear control system
for the Schrédinger equation studied by Beauchard and Coron in [2]. They proved the
local controllability of this system along the ground state trajectory for a large time.
More recently, Coron proved in [6] and [7, Theorem 9.8] that this local controllability
does not hold in small time, even if the Schrédinger equation has an infinite speed of
propagation.

Remark 1.8. In [1, 2], there appear Schrodinger linear control systems which are
not controllable. One could apply the method used in this paper to prove the local
controllability of the corresponding nonlinear control systems. The main difficulty
is that in those cases the subspace of missed directions for the linear system is not
finite-dimensional.

Remark 1.9. Concerning the stabilization of the KdV equation, some results in
the case of periodic boundary conditions can be found in [13] (damping distributed
all along the domain), [20] (damping distributed with localized support), and [19]
(boundary damping). In the case of the Dirichlet boundary condition, exponential
decay of the solution has been obtained in [16] by adding a localized damping term
(see also [18] for a generalization of this result). However, the decay rate is unknown.
A natural open problem is to design for the control system (1.1) (or the linearized
one (1.3)) stabilizing feedback laws which give us an explicit decay rate. This kind of
result, even with a prescribed arbitrarily large decay rate, has been obtained in [12, 22]
for a general class of second-order (in time) systems including the wave equation and
platelike systems. It uses the fact that these systems are time-reversible. This is not
the case of the control system (1.1).

2. Linearized control system. We first recall some properties proved by Rosier
in [17]. Let L > 0 and T > 0. In order to study the following linear KdV equation:

aty+azy+agy = fa
y(t,0) = y(t,L) =0,

(2.1) Day(t, L) = ult),
y(0,-) = o,
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we define the space B := C([0,T], L?(0,L)) N L*(0,T, H'(0, L)) endowed with the
norm

- 1/2
Iylls = tle?(?,)jg] ly@)llL2c0,z) + (/0 ||y(t)||2H1(O,L)dt> .

Let A denote the operator Aw = —w’ — w” on the domain D(A) C L?(0,L)
defined by

D(A) :={w e H*(0,L); w(0) = w(L) = w'(L) =0} .

One can see that both A and its adjoint A* are closed and dissipative. Hence A
generates a strongly continuous semigroup of contractions. Using this fact and the
multiplier method, Rosier proved the following existence and uniqueness result.

PROPOSITION 2.1 (see [17, Propositions 3.2 and 3.7]). There exist unique con-
tinuous linear maps ¥ and 6

U L2(0,L) x L2(0,T) x L'(0,T,L*(0,L)) — B,
(yo,u, ) — W(yo,u, f),
6:L*0,L) x L?(0,T) x L*(0,T,L?(0,L)) — L*(0,7),
(y07u7f) = 6(y07u7f)7
such that, for yo € D(A), u € C%([0,T)), with u(0) =0, and f € C*([0,T],L?(0, L)),
then W (yo,u, f) is the unique classical solution of (2.1) and

6(y07ua f) = azq](yOa U, f)(,O)

The function ¥(yo, u, f) is called the mild solution or simply the solution of (2.1)
in the context of this paper.

Now we focus our attention on the domains of critical length. In particular, we
describe the space M of unreachable states for the linear control system (1.3). Let
L € N. There exists a finite number of pairs {(k;,1;)}7-; C N* x N*, with k; > [;,
such that

k2 + k;l; + 12
(2.2) L:2ml%.

From the work of Rosier in [17], we know that for each j € {1,...,n} there exist two
nonzero real-valued functions ] = ¢7(z) and ¢} = @} (x) such that ¢’ := @] +ig) is
a solution of

_ip(k;j, l])@] + (,Dj/ + (,ij =0,
(2.3) ¢’ (0) = ¢’ (L) =0,

¢”"(0) = ¢"(L) =0,
where, for (k,1) € N* x N*, p(k, 1) is defined by
(2k + 1)(k — 1)(20 + k)

k1) := .
Pkl = S e 1+ )

Easy computations lead to

i i
: - T ke '
p1 =C | cos(riz) — ——— cos(ypa) + —— cos(32) | ,
Y273 T2 V3

(2.4) o o
J_ i Y
j . j 7T j 7T i
o =C | sin(vjz) — H sin(vjz) + % sin(vjz) |,
T2~ 73 T2 T3
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where C is a constant and the numbers 7 , with m = 1,2, 3, are the three roots of
23— + p(kj,l;) = 0. One can easily verify that these roots are given by

(2.5) 7{=—2% (2]%;%) v§=7{+22kj, 7§=7§+2ﬂle-
Moreover, by choosing the constant C, we can assume that
o711z 0.y = 13l 20,y = 1.
Roughly speaking, the functions cp{ and @é for j =1,...,n are unreachable states for

the linear KdV control system (1.3) since the following functions:
y1(t,z) = Re(e Pt (1)) and  yo(t, z) = Im(e Pkl oI (7))

are solutions of (1.3) with u(¢) = 0, but they do not satisfy the next observability
inequality leading to the exact controllability

19(0,2) |l L2(0,2) < CllOy(t,0)l[L2(0,7)-
Let us define the following subspaces of L?(0, L):
M= ({¢1, 93, .-, 91,¢5}) and H:=M".

Remark 2.2. Tf p(k;,1;) = 0 for some j € {1,...,n}, then ¢} = ¢} =1 — cos(x).
It occurs when k; = [, ie., if L = 2wk;. If k; satisfies the condition (1.5), then
the space M is one-dimensional. This is the case treated in [8]. It corresponds, for
example, to the length L = 27. _ '

Remark 2.3. If p(k;,1;) # 0, it is easy to see that ¢] L ¢}. Moreover, for distinct
Ji,ge € {1,...,n}, @It L ©I2 for m,s = 1,2. Let us give some examples. The pair
(2,1) defines a critical length for which the space M is two-dimensional. The pair
(11,8) defines a critical length for which the space M is four-dimensional since the
pairs (11,8) and (16, 1) define the same critical length.

At this point, we can state the following controllability result which follows di-
rectly from the work of Rosier in [17, Propositions 3.3 and 3.9].

THEOREM 2.4. Let T > 0. For every (yo,yr) € H x H, there exist u € L*(0,T),
and y € B satisfying (1.3), y(0,-) = yo, and y(T,-) = yr.

Now let us define the set N’ by

2 2
(2.6) N':= {271'\/ %; (k,1) € N* x N* satisfying k& > [ and (2.7)}

(2.7) vm,n € N'\{k}, k% 4+ kl + 1> # m? + mn + n?.

It is easy to see that N’ is the set of critical lengths for which the space of unreachable
states is two-dimensional. Indeed, let L € N’; from (2.7) there exists a unique pair
(k1,01) := (k,l) satisfying (2.2), and since ky > Ii, p(k1,11) > 0, and therefore the
functions o1, i are orthogonal.

Let us follow the proof of Proposition 8.3 in [7] in order to see that N’ contains
an infinite number of elements. Let ¢ > 1 be an integer satisfying

(2.8) vm,n € N\{q}, m?+mn+n?# 7¢*
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Let us consider the critical length L, defined by the pair (2¢, ¢), that is,

2 2 2 2 2 7
L, = QW\/W :%q\/;

From (2.8), it is easy to see that L, € N’. One can verify that (2.8) holds for
g = 1,2,3, and therefore L1, Lo, L3 € N'. Moreover, the following lemma says that
the set N’ contains an infinite number of lengths L,.
LEMMA 2.5. There are infinitely many positive integers q satisfying (2.8).
Proof. Let ¢ > 3 be a prime integer which does not satisfy (2.8), that is, such
that

(2.9) Im,n € N"\{q}, m?+mn+n?="7¢.

From (2.9) one gets

(2.10) —3mn = (m —n)? (modgq), mn = (m+n)? (modgq).

It is easy to see that m +n # 0 (mod ¢), and consequently from (2.10) we have
(2.11) —3=((m+n)""(m=n))® (modg);

that is, —3 is a square modulo g. Let us introduce the Legendre symbol, where s is a
prime and x € Z is an integer not divisible by s:

(f) o 1 if z is a square modulo s,
s/ | —1 ifaxisnot a square modulo s.

We have the quadratic reciprocity law due to Gauss for every prime integer z > 2,
s> 2 (see [21, Chapter 3])

(2.12) (f> _ (E)(_l)dz)s(s),

z S

where

() = 0 if z=1 (mod4),
TV 1 if 2= —1 (mod4).

From [21, Chapter 3], we also have that for every z,y coprime to s

e ) ()

and for every s > 2 prime integer

(2.14) (1)) = (;1)

S

Using (2.12), (2.14), (2.13), and (2.11) with s = ¢, z = 3, and since €(3) = 1, one

B-@ere-(E)- ()

that is, ¢ = 1 (mod 3).
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Hence, if ¢ > 3 is a prime integer such that ¢ = 2 (mod 3), then ¢ satisfies
(2.8). As there are two possible nonzero congruences modulo 3, the Dirichlet density
theorem (see [21, Chapter 4]) says that (2.8) holds on a set of prime integers of density
1/2. In particular, there are infinitely many positive integers ¢ satisfying (2.8). 0

From now on and until the end of this paper, we consider L € N’. From (2.7),
for each L € N’ we can define a unique

(2k +1)(k = 1)(2 + k)
3V3(k2 + Kkl +12)3/2

and the space M is then defined by

M := <8017S02> = {a@l +68027 aaﬁ € R},

where 1 and @, are given by (2.4) with 4/, replaced by 7,,, where 71,72, and 3 are
the three roots of 22 — x + p = 0. From (2.3) we also have that ¢ and @9 satisfy

"

P11+ @1 = D2,
(2.15) ©1(0) = ¢1(L) =0,
©1(0) = @1 (L) =0,
and
Py + 9y =P,
(2.16) ©2(0) = @2(L) =0,
©5(0) = @5(L) = 0.
Now we investigate the evolution of the projection on the subspace M of a solution
of (1.3). Let us consider (y,u) € B x L%(0,T) satisfying (1.3). Let us multiply (2.15)
by y and integrate on [0, L]. Using integrations by parts we get

L L
(217) ;i( / y(tw)sol(x)dx):—p | wteayae.

Similarly, multiplying (2.16) by y, we get
d L L
.18 4 ( / y(t,x)m(x)dw‘) = [ vt er@
t \Jo 0
Hence, from (2.17) and (2.18), we obtain
L L
219) [ Tyttara@)de = [ y0.2)(coslptr(e) ~ sinlpt)ea(a)) da.
0 0

L L
(2.20) / y(t,2)ps (x) di = / y(0,2) (sin(p 1)1 (x) + cos(pt)pa () do.

From (2.19) and (2.20), we see that the projection on M of y(t,-), denoted by
Pa(y(t,+)), only turns in this two-dimensional subspace and therefore conserves its
L?(0, L)-norm. The period of this rotation is 27 /p. Furthermore, we see that if the
initial condition y(0,-) lies in H, the solution does too for every time ¢. Combining
this rotation with Theorem 2.4, we obtain the following proposition.
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PROPOSITION 2.6. Let yo,y1 € L?(0,L) be such that

| Par(yo)llz2(0,2) = 1Par (Y1)l 22(0,L)-

Then there exists t* < %’T and u € L*(0,t*) such that the solution y = y(t,x) of (1.3),
with y(0,-) = yo, satisfies y(t*, ) = y1.

Proof. Let yp = ya(t, x) be the solution of (1.3), with ya(0,-) = Par(yo) and
without control (u = 0). We know that there exists a time 0 < ¢* < %’T such that
ym(t*,-) = Py(y1). On the other hand, from Theorem 2.4 there exists a control
uy € L*(0,t*) such that the corresponding solution yg = yg (¢, z) of (1.3) satisfies

yu(0,") = Pu(yo) € H and ygu(t*,-) = Pua(y1).

Then y(t,x) := yu(t,x) + yar(t, x) satisfies (1.3), with v = ugy, y(0,-) = yo, and
y(t*,-) = y1, which ends the proof of this proposition. |

3. Motion in the missed directions. Let us first explain the general idea of
the method. Let y = y(¢, x) be a solution of (1.1) with control u = u(t). We consider a
power series expansion of (y,u) with the same scaling on the state and on the control

y=ey+ Y2+ Y3 ..,

U = €uy +€2U2+€3’U,3....
In this way, we see that the nonlinear term is given by
YOuy = Ey10,y1 + €910,y + €y20,y1 + (higher terms),

and therefore, for a small €, we have the expansion of second order y = ey, + €2ys,
where y; and ys are given by

Owy1 + 0xy1 + 83:1/1 =0,
yl(tv O) = yl(t7L) =0,
Ozy1(t, L) = uy (1),

and

Ory2 + Ozy2 + 03y2 = —y10:y1,
y?(t70) = y?(taL) = 07
8a:y2(t7L) = Ug(t),

respectively. The strategy consists first in proving that the expansion to the second
order of y = y(t, ), i.e., ey; + €2y2, can reach all of the missed directions and then in
using a fixed point argument to prove that it is sufficient to get Theorem 1.4. This is
a classical approach to study the local controllability of a finite-dimensional control
system, and it has been applied in [8] to prove the local exact controllability around
the origin of the control system (1.1) for some critical domains.

Now we see that we can “enter” into the subspace M. More precisely, the result
we prove is the following one.

PROPOSITION 3.1. Let T > 0. There exists (u,v) € L?*(0,T)% such that if
a=a(t,z) and 8 = B(t,x) are the solutions of

O+ Oy + 02a = 0,
a(t,0) =a(t,L) =0,
Oza(t, L) = u(t),
a(0,-) =0,

(3.1)



CONTROLLABILITY OF A KORTEWEG-DE VRIES EQUATION 885

and
atﬁ + az/g + 836 = 704810[7
(3.2) B(t,0) = B(t, L) =0,
' 9,6(t, L) = v(t),
ﬁ(oa ) =0,
then

afT,)=0 and p(T,-) € M\{0}.

Proof. In order to study the trajectory 8 = B(t,x), we set 3 = 8% + 37, where
B* = B%(t,x) and B¥ = BY(¢,x) are the solutions of

8tﬂu + alﬁu + 8§ﬁu = —a@wa,
p(t,0) = p*(t, L) =0,

(33 0,8"(t, L) =0,
p(0,-) =0,
and
DB + 0.8" 4+ 03B =0,
(3.4) B(t,0) = B°(t, L) =0,

0:0%(t, L) = v(t),
51}(07 ) =0,

respectively. If u € L?(0,T) is given, by Theorem 2.4 one can find v € L?(0,T) such
that

ﬁv(Tv ) = _PH(ﬁu(Ta ))

and thus 5(T,-) = Py (B8“(T,-)). From this fact, one sees that the proof of Proposition
3.1 can be reduced to prove

(3.5) Ju € L*(0,T) such that «(T,-) =0 and Py (B8*(T,-)) #0.

Let u € L%(0,T). Let us multiply (3.3) by o1 and integrate the resulting equality
on [0,L]. Then, using integration by parts, (2.15), and the boundary and initial
conditions in (3.3), one gets

d L L 1 L
G [ reaa@is) == [ stae@in ;5 [C et
In a similar way, if we now multiply (3.3) by v2, we get
d L L 1 (L
a4 ( / 5u<t,x>m<x>dm) =p [ Boa@i+g [ et

If we call

L
(t) = / Bu(t, 2)pr(x)dr fork=1,2,
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we can write the system

oo G0)-C 9 () (M 40%)
m(0) = 12(0) = 0.

The solution of (3.6) is given by
(10 = (catey ine) (1),

/ / (cos(ps) ) (@) + sin(ps) ¢ (x))da ds,

where

/ / 2)(— sin(ps)! (z) + cos(ps)y(z))dz ds.

If we work with complex numbers calling ¢ := 1 + iy, we get

n1(t) +ina(t) **6 / / 5o (s, x)¢ (x)dx ds.
Now let us assume that (3.5) fails to be true; i.e., let us suppose that
(3.7) Vue L*(0,T), m(T)=mn(T)=0 or «oT,-)+#0.
If we define
Uga := {u € L*(0,T); the solution «a of (3.1) satisfies a(T,) =0},

then condition (3.7) implies that

(3.8) Vu € Uy, / / e~ 5o’ (s, )¢ (v)dx ds = 0.

Let @1 = a1 (t, ) and ae = ax(t, x) be two solutions of (3.1) such that
al(T7 ) = QZ(Tv ) = 0.
Now, for (p1,p2) € R?, let a := pyay + paae and u := (-, L). By linearity, we see

that a = a(t, z) is a solution of (3.1) and u € Uyq. Consequently, (3.8) implies that,
for every (p1, p2) € R,

p1/ / a2 (s, )¢ (z )d:cds—|—2p1p2/ / PS (s, 1) (8) (x)dx ds
+p2/ / 502 (s, )¢ (x)dx ds = 0.

Looking at the coefficient of p;ps, we get

(3.9) / / P (s, 2)as (5, 2)¢ () dz ds = 0,
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Let t1,to be such that 0 < ¢; < to < T. We choose the trajectories a1 = (¢, x)
and ag = as(t, z) such that

(3.10) a2 is not identically equal to 0,

(3.11)  aa(t, @) (o,e]utta, ) x (0,0 =0 and a1 (£, 2)[i 40)x[0,1) = Re(eMya(a)),

where A € C\{=£ip} and yx = yx(z) is a complex-valued function which satisfies

Ayx + 94 +y) =0,
3.12
(3.12) { A (0) = ya(L) = 0.

If A\ # +ip, one can see that Re(yy),Im(yy) € H, and then by Theorem 2.4 there
exists such a trajectory a; = ai(t, z). )

Let us introduce the operator Aw = —w’ — w"”’ on the domain D(A) C L*(0, L)
defined by

D(A) := {w € H*(0,L); w(0) = w(L) = 0,w'(0) = w'(L)} .

It is not difficult to see that iA is a self-adjoint operator on L?(0, L) with compact
resolvent. Hence, the spectrum o(A) of A consists only of eigenvalues. Furthermore,
the spectrum is a discrete subset of iR. y

If we take A such that (—ip+ ) € o(A), the operator (A—(—ip+A)I) is invertible,
and thus, there exists a unique complex-valued function ¢y = ¢ (x) solution of

(—ip+ N)dr + &\ + &Y = yry,
(3.13) dx(0) = ox(L) =0,
#\(0) = ¢\ (L).

We multiply (3.13) by aq(t, z)el="+Nt integrate on [0, L], and use integrations by
parts together with (3.1), and the boundary and initial conditions in (3.13) to get
4 L
e_”’t/ eMyrag(t, x)y' (x)dr =
0

4
dt

L

=0

L
(/0 e(_ip+)‘)t¢)\(x)a2(t,x)dx> — e(_ip+>‘)t¢f\(L)8$oz2(t,x)

Then let us integrate this equality on [0,77] and use the fact that as(0,) = 0 and
as(T,-) = 0. We obtain

T L
(3.14) / / e~ PNy o (t, 2)g! (x)dx dt =
0 0
T .
— (L) / (N (9, 0t L) — Byan(t, 0)) dt.
0

On the other hand, by (3.9) and (3.11), it follows that

T L
(3.15) / / e~ P Re(eMyy)aa(t, z)¢' (x)dx dt = 0,
o Jo
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and, since one can also take a trajectory &; = &; (¢, x) such that

ar(t, ), ta)x[0,L] = Im(eMyx (z)),

one deduces from (3.9) that

(3.16) / / “Pm(eMyy)ao(t, )¢ (z)dz dt = 0.

Therefore, from (3.15) and (3.16), one gets

/ / Tty an(t, x)¢ (x)da dt = 0,

and consequently from (3.14), for every A # +ip such that (—ip+ \) ¢ o(A), one has

T
(3.17) ¢, (L) / PN (9, an(t, L) — Byas(t, 0)) dt = 0.
0

Let a € R\[-1//3,1/v/3]. We take \ = 2ai(4a® — 1). Let
(3.18) y)\(g;) = Oe(—V3a*—1-ai)z + (1 _ C)e(m—ai)w _ plaix

)

where
e2ail _ e(\/3a2—1—az’)L

¢= e(—V3a2—T—ai)L _ o(v3a2—1—ai)L

One easily checks that such a yy = yx(x) satisfies (3.12) and y) # 0. Let us define
2= {a e R\-1/V3,1/v3]; A ¢ o(d), (A~ ip) ¢ o(A)},

where A = 2ai(4a® — 1). Then the function S : ¥ — C, S(a) = ¢} (L) is continuous.
Now we use the fact that S is not identically equal to the function 0 (the proof of this
statement will be given in Lemma 3.6 at the end of this section). Then there exist
a € ¥ and € > 0 such that, for every a € ¥ with |a —a| < ¢, S(a) # 0. From (3.17)
one gets

T
Vaey, la—al<e, / e(~Pt2a(da®~1))it (Ozaa(t, L) — Ozaa(t,0)) dt = 0,
0

and since the function 8 € C — fOT ePt (Opaa(t, L) — Ozas(t,0)) dt € C is holomorphic,
it follows that

V3 eC, / H(0paa(t, L) — Oyaa(t,0))dt = 0,

which implies that 9,z (t,0) — ,as(t, L) = 0 for every ¢. In summary, one has that
ag = as(t, x) satisfies

Oy + Opag + O3an = 0,

az(t,0) = as(t, L) = 0,
(319) 8xa2 (t7 0) = 8x0[2 (t, L),

052(0, ) = 07

OéQ(T, ) =0.
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If we multiply (3.19) by aw, integrate on [0, L], and use integration by parts together
with the boundary conditions, we obtain that

4t
pn |a2(t,x)\2dx =0,
0

which, together with as(0,-) = 0, implies that
(3.20) ag(t,z) =0 Vazel0,L],Vtel0,T].

But this is in contradiction with (3.10). Thus, we have proved (3.5) and therefore
Proposition 3.1. 1]

From now on, for each T, > 0, we denote by (u.,v.) € L?(0,T)? the controls
given by Proposition 3.1 and by («., ;) the corresponding trajectories. Let us define
@1 := Be(Te, ). Let us notice that, by scaling the controls, we can assume that
|81ll2(0,) = 1. We will prove now that in any time 7" > m/p, we can reach all of the
states lying in M.

PROPOSITION 3.2. Let T > w/p. Let ¢ € M. There exists (u,v) € L*(0,T)?
such that if « = a(t,z) and B = B(t,x) are the solutions of (3.1) and (3.2), then

a(T,)=0 and B(T,:)=1.

Proof. Let T' > 0 be such that T = (7/p) + T Let T, be such that 0 < T, < T".
Let T, :=T — T.. If we take in (3.1) and (3.2) the controls

1 o (0,0) ift € (0,T,),
(u', o)1) = { (et — To)svalt —To)) it t € (To, T),

we obtain that 8(T,-) = @1, where 3! = B(¢, ) is the corresponding solution of
(3.2). Now we use the rotation showed in section 2 (see, in particular, (2.19) and
(2.20)) in order to reach other states lying in M. Let us define @g := 3%(T, ), where
(3% = B2(t, ) is defined by the controls

(070) ift e (OvTa - 21}7)7
(U27U2)(t): (uc(t_Ta+;?))vc(t_Ta+%)) lftE (Ta_%zﬂT_%)?
(0,0) ifte (- £.1).

In a similar way, the controls

(0,0) ift € (0,7, - 2),
(W 03 (t) = (ue(t = Ta+ T),0c(t = Tu + %)) ift € (T, -2, T —I),
(0,0) ifte(T—%5,T)

allow us to define @3 := #3(T,-). Notice that g3 = —@;.
Let Ty be such that 0 < Tp < min{n/(2p), T — T.}, and let Ty, := (7/p) + Ty. Let
us define @4 := B4(T,-), where * = 34(t, ) is the solution of (3.2), with

(0,0) if t € (0, T, — Tp),
(', v () =< (ue(t — Ty +Tp),ve(t — Ty +Tp)) ift € (Ty — Ty, T — Tp),
(0,0) if t € (T —Ty,T).
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We have thus proved that we can reach the missed directions {@}i_,. Let us
now define the cones

M = {d1p1 + dapo; di > 0,dy > 0},
My = {d1@2 + dagsz;dy > 0,dy > 0},
M3 = {d193 + daps;dy > 0,dy > 0},
My := {d1p4 + dopr;dy > 0,dy > 0}.

By construction of these cones, one has that M = Uilek.

Remark 3.3. It is easy to see that if one chooses T, Ty such that T, < Ty, then
the supports of the trajectories a* = o*(t,z) for k = 1,...,4 are disjoint.

For each w = (w1, wsy) € R?, let us define

pw =/ w? + w3 and 2z, = (w1p1 + wapa)/pw € M.

We have that z,, € M; for some i € {1,...,4}, and hence there exist dy,, > 0 and
da,, > 0 such that z,, = d1,@; + dowPit1. If we take the control

(Unpy Vo) = (d}{fui + d;{fu”l, d1wv’ + doyv' ™)

and use the fact that the trajectories o for k = 1,...,4 are disjoints, then we see
that the corresponding solution £, = B, (t, x) of (3.2) satisfies B, (T, ") = zy.

Finally, let 1» € M. With R := ||¢)||12(0,.) We can write 1) = Rz, for a (wy,ws) €
R? such that w? + w3 = 1. Tt is easy to see that the control (u,v) = (R'?uy,, Rv,)
allows us to reach the state 1, and so the proof of this proposition is ended. |

Remark 3.4. The proof of Proposition 3.2 is the only part which needs a time
large enough. Hence, Theorem 1.4 holds for Ty := 7/p.

Remark 3.5. In [8] an expansion to the second order is not sufficient, and the
authors must go to the third order to enter into the subspace of missed directions.
Since in their case this subspace is one-dimensional and since they use an odd order
expansion, one can reach all of the missed states with a scaling argument. Our case is
different. We can also enter into the subspace of missed directions in any time, but,
in order to reach all of these states, our method needs a time large enough.

It remains to prove the following lemma to complete the proof of Proposition 3.1.

LEMMA 3.6. The function S is not identically equal to 0.

Proof. Let a € ¥ and A\ = 2ai(4a® — 1). Let u € C, and let y, = y,(z) be a
solution of

{ 1y, + Y, +yn =0,
yu(o) = yu(L) =0.

We multiply (3.13) by y,, and integrate by parts on [0, L]. Thus, we get

L L
(321)  (A—ip+p) / iz — S\(L)(yu(L) — y,(0)) = / N

From now on, we set u = u(a) := —X + ip. With this choice we obtain from (3.21)

—S(a)(y,.(L) — y,,(0)) =/0 U@ yude.
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Therefore, if we prove that the function

L
a€X — J(a):= / yr@'yude € C
0
is not identically equal to 0, the proof of this lemma is ended. Let b € R be such that

p = 2bi(4b* — 1). We take the function y,, given by

(322) yu(x) = De(f\/glﬂ*l*bi)l’ + (1 _ D)e(mfbi)w o eQbim,

where
e2bil _ (V32 —1—bi)L

b= e(—VBZ=T—bi)L _ o(v/3bZ—1—bi)L’

In the next computations, we use the fact that e!"? = ¢"2l = 3L (see (2.5))
and the following formula:

/L e(UJriw)m / (1 + ’Y% - 2p/’71) (1 - e(v+iw+i71)L)(Ui — IU)
0 7o (vi —w) — (vi—w) + p

(3.23)

which holds if v + iw # —i~,, for m = 1,2, 3.

We want to show that as a — oo, the following expression diverges, which is in
contradiction with the fact that J(a) = 0:

(e(-VBE=T—ai)L _ (VBaT=T—ai) L) (o(~VBP—T-bi)L _ o(vV3PZ=T-bi)L)
R(a) := 1597 - 2/ J(a).

In fact, by using (3.23), one computes explicitly J(a), and thus one sees that, as a
tends to infinity, the dominant term of R(a) is given by

(e(-ai=b)L _ plai+bitmi)L)(_9q _ 9p)
(—2a — 2b)3 — (—2a — 2b) +p

Z(a) = e(\/3a2—1+\/3b2—1)L{

e(=a =)L (/32 — 1 —iv/3b2 — 1 +a + b)
(=iv3a2 =1 —ivV3b2 — 1+ a+b)3 — (=iv/3a2 —1—iV3b2 —1+a+b) +p
et MIL (/362 — 1+ iv/3b2 — 14+ a +b)
(iv3a2 — 14 iv3b2 — 14+ a+b)3 — (iv3a2 — 14+ ivV3b2 —1+a+b) +p
e(ai+bi+'~/1i)L(i\/3a27_1 +a—2b)
i1V3a?2 —1+a—2b) — (iv3a®?—1+a—2b)+p
B elma=b)L(_i\/3b2 — 1 — 2a + b)
(—iv/3b2 — 1 —2a+b)3 — (—iv/3b2 —1—2a+b) +p
N e(ai+bi+71i)L(i\/3l)27_ —2a+b)
(ivV/3b2 — 1 —2a + b)3 — (ivV3b2 — 1 —2a+b) +p
B e(ma =)L (_i\/3aZ — 1+ a — 2b) }
(—iv3a2 —14a—2b)3 — (—iv3aZ —1+a—2b) +pJ

+

M
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Using that as a — 0o, b — —oc0 and a + b ~ —p/(24a?), we obtain the following
asymptotical expression for the right-hand factor of Z(a):

_P _ __Pr ; 1—etn L . .
—(e 7aa2 L _ e 2442 ZLJFWIL) _ (=) IZGQ ) if el 75 1,
~J
2 - o
12a — 2k if ek =1.

One can see that in both cases Z(a) diverges as a — oo, and therefore R(a)
does, which implies that J(a) is not identically equal to 0. It ends the proof of
this lemma. ]

4. Proof of Theorem 1.4.

4.1. Existence and uniqueness results. Let us recall the existence property
proved by Coron and Crépeau in [8] for the following nonlinear KdV equation:

Oy + Ony + 03y + youy = f,

y(t,0) = y(t, L) =0,
(4.1) duy(t, L) = u(t),
y(0,-) = o

PROPOSITION 4.1 (see [8, Proposition 14]). Let L > 0 and T > 0. There exist
€ > 0 and C > 0 such that, for every f € L*(0,T,L*(0,L)), v € L*(0,T), and
yo € L*(0, L) such that

Ifllr 0.7, 22(0,2)) + llull20,m) + loll20,0) < €
there exists at least one solution of (4.1) which satisfies
(4.2) lylls < C(fllz10,7,22(0,)) + [wllz2(0,7) + 190l z2(0,1))-

For the uniqueness, one has the following.

PROPOSITION 4.2 (see [8, Proposition 15]). Let T' > 0, and let L > 0. There
exists C > 0 such that for every (yo1,vy02) € L*(0,L)%, (u1,u2) € L?*(0,T)?%, and
(f1, f2) € LY0,T,L%(0,L))? for which there exist solutions y; = yi(t,x) and yz =
ya(t,x) of (4.1), one has the following estimates:

T L
2 2
/ / 0011 (t, 7) — Buya(t, )| 2dadt < ST 20 rm1 0.0 T2 L2071 0,1))
0 0

: <||u1 - U2||%2(0,T) +[Ifi — szil(o,T,m(o,L)) + llyor — yO?”%'A’(O,L)) )

L
2 2
/ ly1 (£, 2) — ya(t, z)[2da < 0TIV lez r 0.0 FI2li2 01 0,2))
0

: <||U1 - UQH%Z(O,T) +Ifi— f2||%1(O,T,L2(O,L)) + [lyor — yOQH%Z(O,L))

for every t € [0,T).

4.2. Settings and a technical lemma. Until the end of this paper, we adopt
some important notations. Let us denote, for D > 0 and R > 0,

BR = {€ € L(0.D): €l 2.0 < R}
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and recall that for each w = (w1, wz) € R?, we write p,, = y/w] + w3 and z,, =
(w11 + wap2)/pw. We also write (wy,,vy,) € L?(0,T) the controls defined in section
3 in order to drive the solutions 3, = B, (t,x) from zero at t =0 to z, at t =T

By the work of Rosier in [17], we know that for each yo € L?(0, L) there exists
a continuous linear affine map (it is a consequence of applying the HUM method to
prove Theorem 2.4)

To:heHcL*0,L) — To(h) € L*(0,T)
such that the solution of
Oy + Opy + 03y = 0,

y(t,0) =y(t, L) =0,
dzy(t, L) =To(h),

y(oa ) = PH(yO)
satisfies y(T,-) = h. Moreover, there exist constants Dy, Dy > 0 such that

(4.3) Vyo € L*(0,L), Vh € H, |To(h)|r20,1) < DilllllL2(0,) + IIWoll22(0,1))
(4.4) Vyo € L*(0,L), Vh,g € H, |To(h) —To(g9)llz200.7) < D2llh — gllr2(0.1)-

Let yo € L?(0, L) be such that llvollz2(0,0) < 7, 7 > 0 to be chosen later. Let us
define the functions G and F'

G:L*0,L) — L2(0,T),
2= Py(2) + wipr +wapy —  G(2) = To(Pu(2)) + pud s + putu,

F:BT NnL*0,T) — L*0,L),
U= F(’LL) = y(T")v

where y = y(t, x) is the solution of

Oy + Ouy + 03y + yd,y =0,

y(t,0) =y(t,L) =0,
(4.5) Dpy(t, L) = u(t),
y(0,-) = yo,

and €7 is small enough so that the function F' is well defined. It holds if €1 + r < ¢,
where ¢ is given by Proposition 4.1. The map F' is even continuous according to
Proposition 4.2. Let yr € L?(0, L) be such that ||yr| < r. Let Ay, ,, denote the map

Ayo,yT : BEL2 OLZ(O,L) — Lz(O,L),
Z AyoﬁyT(z) =z+yr—Fo G(Z),

where €, is small enough so that A, ., is well defined (es exists according to Propo-
sition 4.1 and to the continuity of G).

Let us notice that if we find a fixed point Z € L?(0, L) of the map Ay, ,,., then we
will have F o G(Z) = yr, and this means that the control u := G(2) € L?(0,T) drives
the solution of (4.5) from yp at t =0to yr at t =T

Let us assert the following technical result which will be needed to study the map

A

Yo,y *
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LEMMA 4.3. There exist e3 > 0 and C5 > 0 such that for every z,yg € BL the
following estimate holds:

Iz = F(G(2) 220,y < Callvollz2o.z) + 1213550, 1))

Proof. Let z,yo € L*(0,L). Let w = (w1, ws) € R? be such that z = Py(z) +
Pwzw- Let y = y(t,x) be a solution of

Oy + Ouy + 03y + yday = 0,
y(t,()) = y(t’L) = 07

(+0) O,y(t. L) = G(2)
y(07 ) = Yo-
From (4.3) and since p,, < Hz||L2(0 L), one deduces that if ||z[/z2(o,z) is smaller

than 1 (and therefore ||2[/z2(0,z) < Hz||L2 0,0)); then there exists a constant Ds such
that

(4.7) G ()20, < D3(llyollz2(0,z) + ||Z||L2 0 L))

Remark 4.4. Let us notice that the controls u,,, v, in the definition of the map
G drive the solution (,, from the origin at ¢ = 0 to the state z,, at t = T, with
llzwllz2(0,0) = 1, and therefore they are uniformly bounded.

By using (4.2) and (4.7), one can find ez, Cy > 0 such that for every z,yg € Bé
the unique solution of (4.6) satisfies

(4.8) lylls < Calllvoll 2oy + 1205 1)
Let § = §(t, 1), aw = aw(t,x), Buw = Buw(t,x), and 3° = B°(t,z) be the solutions
of
O+ 0.7+ 825 =0,
g(t,0) =g(t, L) =0,
9:9(t, L) =To(Pu(2)),

sty + Opryy + 020ty = 0,
ay(t,0) = ay(t, L) =0,
Or 0ty (t, L) = (1),

aw(07 ) =0,

615/811) + 87‘/811) + aiﬂw = 70‘wagcaw7
5w(ta 0) = ﬁw(tv L) =0,

02 Puw(t, L) = vy(2),

/Gw(oa ) = 07

03° + 0,0° + 0;8° = 0,
/60(t,0) = ﬂo(t,L) =0,
8:560(15,.[/) =0,

60(0’ ) = PM(yO)a

respectively. Let us define

1/2,,

¢=y—y— Pw w — Puwbuw _50-
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We have that ¢ = ¢(¢, x) satisfies

8t¢ + 8z¢ + ag(b + (baa:(b = _az(¢a) - b7
o(t,0) = ¢(t, L) =0,

De6(t, L) = 0,
¢(0) =0,
where
1/2

a = 37+pw Qyy +pwﬂw +507
b= 047 + 0 (H(pe s + puBs + B°)) + pil >0 (taBuy)
+ 02 B0 (Bu) + il 20 (0 3°) + puBe(Bu°) + 800, °.

It is easy to see that there exists Cy > 0 such that for every z,yy € Bé

1/2
(4.9) 16118 < Calllyollz20,) + ||Z||L/z(o,L))7

1/2
(4.10) lalls < Ca(llyollz2(o,) + ||z||L/2(O7L)),

3/2
(4.11) bl 0,7,22(0,2)) < Calllvollz2(0,z) + ||Z||L/2(0,L))~

One can also prove that there exists Cs > 0 such that for every f,g € B

(4.12) 10 (fa)llzro,7,2200,)) < Csll fllsllglls-

By (4.2), (4.11), and (4.12), there exists Cg > 0 such that

I9l15 < Ce(l@lzllalls + Iyolliaqo,z) + I121122(0,1))s

i.e., one has

18115 (1 = Collalld) < Colllyolliao,ry + 211220,z

which, together with (4.10), implies the existence of e3 and C7 such that for every
Z,Y0 € Bng,

3/2
(4.13) lolls < Crlllvollzo.c) + 12113570.1.)-

Finally, from (4.13) and using that [|8°(0)||r20,0) = 18°(T)|lL2(0,) (B° turns
only in the subspace M), one obtains with C5 := C7 4+ 1

|z = F o G(2)l200,1) Iz = F o G(2) + B°(T) || L2(0,r) + 18°(D) || 22 (0,1)
1o(T) 20,2y + ||ﬂ0(0)||L2(0,L)

¢l + llvollz2(0,z) ”

C7(llyollz20,1) + HZ||L2(07L)) +lyollz2(0,1)

3/2
Cs(llyoll 2o,y + 1213550, 1)):

VAN VAN VAN | RN VAN

which ends the proof of Lemma 4.3. ]
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4.3. Fixed point in the subspace H. For w = (wy,ws) € R? fixed, let us
study the map II := Py o Ay, 4, (- + pwzw) on the subspace H (recall that p,z, =
w1 + wap2):

II:H— H,
h+— Tl(h) = h+ Pg(yr) — Pu(F o G(h + pwzuw))-

In order to prove the existence of a fixed point of the map II, we will apply the Banach
fixed point theorem to the restriction of II to the closed ball B N H, with R > 0
small enough. By using Lemma 4.3 we see that

ITL(A) | 22 (0,L) lyrllL2c0,0) + 1P+ pwzw — F o G(h+ puwzw)|lr2(0,1)

3/2
lyrllz2o.0) + C(lvoll2(0.0) + b+ puwzull3elo 1)
3/2 3/2
C(lvollzz o,y + lyrllzao.zy + o *) + Callkl7e5, 1,

3/2 3/2
Ch(2r + o) + Callh][ 750 1,

IANIACIN A

where C% := C5 + 1. Hence, if we choose R such that R3/2 < % and 7, p,, such that

Chiar + %) < 7,

then it follows that
ITL(A) || z2(0,0) < R and so II(BENH) C (BiNH).

It remains to prove that the map II is a contraction. Let g,h € BIL% N H. Let
y =y(t,x), ¢ = q(t,x), § = g(t,x), and § = ¢(¢,z) be the solutions of the following
problems:

Oy + Oy + Oy + yduy = 0,
y(t70) = y(t7L) =0,

Ozy(t, L) = G(g + puwzw),
y(0,+) = yo,

Ovq + 02q + 92q + q9.q = 0,
Q(tvo) = Q(tﬂ L) =0,

9:q(t, L) = G(h + puwzuw),
Q(07 ) = Yo,

0y + 0xy + 035 = 0,
ﬂ(t,()) = g(t’ L) =0,
9:9(t, L) = To(9),
9(0,+) = Pu (o),

G+ G+ 02G =0,
(j(ta 0) = (j(t’ L) =0,
9:q(t, L) =To(h),
4(0,-) = Pu(yo),

repsectively. Let us define ¢ :=y — ¢, ¥ := ¢ — ¢, and v := ¢ — 1. One sees that
satisfies

Oy + Opy + 527 + 40y = =0z (va) — b,
v(t,0) =~(t,L) =0,

(4.14) Dur(t, L) =0,
7(0) =0,
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where

a:=g+v and b:=0,(q(§—q)+ (J—q7)0:(y—q)
It is easy to see that there exists a constant Cg > 0 such that

(4.15) 10l 0.7,220,L)) < Cs (llalls + 19l + lldlis) 15 — dlls,
(4.16) 0= (a1 0,7,L20.L)) < Cs (lalls + 1195 + lglls) [|7]l5-

By using Proposition 4.2, (4.15), and (4.16) we get the existence of Cy > 0 such that

(4.17) I < Colllalls + 19115 + llalls)* (19 — dllz + [Iv]]%)-
In addition, since w := gy — ¢ satisfies the following linear equation:

0w + Opw + 02w = 0,
w(t,0) = w(t, L) =0,
Oyw(t,L) =Toy(g) — To(h),
U)(O, ) = 07

there exists Cg > 0 such that

19— dlls < CrollTo(g) — To(h)ll 20,7,

and so, from (4.4), one gets

(4.18) 19— dlls < CroD2llg — hllz2(0,1)-

Moreover, it is easy to see that there exists a constant C7; > 0 such that

(419) lglls + lldlls + 1715 < Cra(llyollz2co.0) + 1Pllz20,0) + gl z20,0) + pif?)-

Thus, using (4.17)—(4.19) we see that if R, py,r are small enough, it follows that

I7lls < 3llg = hllz2(o,1)-
Therefore, we have

IT(g) = IL(R)|lL20,) < llg— FoG(g+ puwzw) —h+ FoG(h+ pwzw)llL2o,r)
= IDllrz,) < Ivls
<

%Hg* h”L?(O,L)a

which implies the existence of a unique fixed point h(yo, yr, w1, w2) € B5 N H of the
map I BLNH- Moreover, the more precise proposition follows.

PRrOPOSITION 4.5. There exist Ry > 0, D > 1 such that for every 0 < R < Ry,
for every yo,yr € BIL%/D, (wi,we) € R%, with p, < R/D, there exists a unique

h(yo, yr, w1, w2) € BE N H fized point of the map H‘BI%OH.

4.4. Fixed point in the subspace M. We now apply the Brouwer fixed point
theorem to the restriction of the map

T:M— M,
w11 + wap2 = Py(pwzew +yr — F 0 G(pwzw + h(Yo, yr, w1, w2)))
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to the closed ball BéﬂM , with R small enough. Using Lemma 4.3, the continuity (in a

neighborhood of 0 € (L*(0, L))* x R?) of the map (yo, yr, w1, wa) — h(yo, yr, w1, ws)
and choosing r small enough, we get the existence of a radius R > 0 such that
T(Bllé NM) C Bg N M. This inclusion and the continuity of the map 7 allow us to

apply the Brouwer fixed point theorem. Therefore, there exists (1, 1W2) € R?, with
W} + w3 < R?, such that h := h(yo, yr, W1, Ws) satisfies

(4.20) Pui(yr — F o G(h + w11 + 292)) = 0.
Using the fact that
1(h) = Py (h+yr — F o G(h + o1 + Waps)) = b,
we obtain
Py(yr — F o G(h+ 11 + tiags)) = 0,
which together with (4.20) implies that
yr = F o G(h+ @11 + Dapa),

which ends the proof of Theorem 1.4. Let us remark that from our proof it follows
that if r is chosen small enough, one can take R := rD, where D > 0 is given by
Proposition 4.5. By using this proposition one obtains the estimate (1.6).
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