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On the controllability of the Boussinesq equation in low regularity

EDUARDO CERPA AND IVONNE RIVAS

Abstract. 1In this paper, we consider the internal control problem for the Boussinesq equation posed on the
torus T. Previous results had dealt with this problem when the state space is H 2(T) x L2(T). The main goal
of this work is to improve the regularity until H*(T) x H S=2(T) for s > —1 /2. The exact controllability
of the linearized equation is proved by using the moment method and spectral analysis. In order to get the
same result for the nonlinear equation, we use a fixed point argument in Bourgain spaces.

1. Introduction

The Boussinesq equation
Upp + Uxxxx — Uxx + (uz)xx =0 (L.1)

is a nonlinear dispersive mathematical model appearing in Physics to study nonlinear
strings [1]. Equation (1.1) is also known as the good Boussinesq equation, due to
the fact that well-posedness property can be shown, by looking at the highest-order
terms, we see that the main part of Eq. (1.1) can be split in two Schrédinger equations
traveling in opposite directions. The local well-posedness of Eq. (1.1) has been studied
in different domain. For instance in the whole real line R by [1,5,6,9,10], in the half
line R by [16], in the Torus T in [4,7,14] and in a bounded interval by [15].

Other Boussinesq-like equation appearing in the literature is obtained by changing
the sign of the high-order term u,y, in (1.1), that is,

Upp — Uyxxx — Uxx T+ (uz)xx =0. (1.2)

The nice well-posedness property is lost, and the equation becomes ill-possed. This
can be seen by realizing that the highest-order terms of Eq. (1.2) can be split in two
heat-like equations where one of them has the wrong sign in the diffusion, for more
details, see [10]. The bad Boussinesq equation (1.2) is relevant in applications since
it describes the propagation of water waves of small amplitude in shallow waters with
flat bottom.
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Another model that approximates the Boussinesq equation (1.2) was introduced in
[12] and looks like

Urr + Uxxtr + Usx = (uz)xx' (1.3)

The mix of derivatives helps to improve the well-posedness results for (1.3), which
justify the fact that this equation is called the improved Boussinesq equation. See [18].

Concerning controllability properties for Boussinesq equations, different type of
problems have been treated. The control of (1.1) has been studied on an interval with
boundary inputs [3,11] and on the torus T with distributed inputs [17]. Regarding
control properties of the improved Boussinesq equation (1.3), we found the article [2].

In this paper, we will concentrate in Eq. (1.1) on the torus T, that is the bounded
domain (—m, ) with periodic boundary conditions. Initially, in [4] the local well-
posedness of (1.1) on T was shown assuming initial conditions H*(T) x H S=2(T)
provided that 0 < s < 1. Later, in [7] the local well-posedness of (1.1) was shown for
initial data in H*(T) x H*~2(T) for s > —}‘. This result was improved in [9] where
the sharp regularity H -3 (T x H -3 (T) was reached.

In [17], the author proves the exact controllability in the state space H 2(T) x L3(T).
The main goal of this work is to study the case with regularity H*(T) x H*~%(T) for
s > —%. We want to answer the following question: Can we find a control &7 = h(x, 1)
such that the solution of system

Ut + Uxyxx — Uxx + (NW))xx = g(x)h(x,t), x € T, t [0, 7], (14)
u(x,0) =ug(x) and wu;(x,0) = u;(x), x e, '
satisfies
u(x,T) =uor(x), and wu,(x,T)=uir(x)? (1.5)

The solution u = u(x, t) of (1.4) is a complex-valued function depending on space
and time, the nonlinearity N is any linear combination of u?, ui and @2, and the
function g(x) is a given nonzero real-valued function. This function g(x) can have
a support strictly contained on the torus; thus, it can represent a localization of the
control A (x, t), which would be only able to act on a part of the domain.

Our main result, giving a positive answer to the exact controllability in a local sense,
is the following.

THEOREM 1. Let T > 0, s > —% and g € H*(T) N L*(T) \ {0} be given. There
exists r > 0 such that for any (ug, u1), (uor, urr) € H*(T) x H~*(T) satisfying

/uo(x)dx = /u()T(x)dx =0
T T
and

luolls = v, Muills—2 <7, luorls =r. luirlls—2 <,
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there exists a control h € L2(0, T; HS_2(']1")), such that the solution u € C([0, T];
H5(T)) of (1.4) satisfies (1.5).

The main idea for this article is based on [13] where it is shown that the Schrodinger
equation with a cubic nonlinear term posed on an interval with periodic boundary
conditions is locally exactly controllable in H*(T) for s > 0. In [13], the authors
perform a spectral analysis of the linear operator and by solving a moment problem,
they found the characterization of the internal control for the linear problem. The
nonlinear problem is treated as a perturbation by fixed point theory. In this paper, in
order to achieve lower regularity, we study the controllability initially in H*(T) for
s > —1/4, and then, for —1/2 <s < —1/4.

In order to prove our main theorem, we need first some spectral properties and a
well-posedness framework. This is provided in Sect. 2. Then, by using the moment
method, we prove in Sect. 3 the controllability of the linear system. Finally, Sect. 4 is
devoted to apply a fixed point argument in Bourgain spaces in order to deal with the
nonlinear equation and obtain the local exact controllability stated in Theorem 1.

2. Spectral analysis and well-posedness

From now on, we denote by Z any space Z(T) defined on the tours. For s € R
and T > 0 fixed, we use the notation LZ(H*) := L%([0, T]; H*(T)) and X, :=
C([0, T']; Hy), where H, is the product Hilbert space

Hy := Hy(T) x H (),

equipped with the norm

N 2 5 1/2
s = {lwrl2 + fwal2, )

S w . .
forw = ( ! ) In this paper, we use the notation
w2

HS(T) = {w c HS(T)/fTw(x)dx - o}.

Forany v(x) =), ., v,e'™ the H*(T) Sobolev norm can be defined by

1

2
. 2 2
lvlly == <Z|vn| <n> )

nez

with < n >= (1 + [n|H)V/2.
From now on, we will denote by C > 0 a general constant which may vary from
line to line.
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2.1. Spectral analysis

We analyze the linear operator related to the Boussinesq equation and study its
spectral structure, eigenvalues and eigenfunctions, which will play an important role
in the characterization of the solutions of (1.4).

Let us consider the linear periodic Boussinesq problem

Uy + Uyxyy — Uxx =0, xeT,t ek,
Hu(—m,t) = dlu@r,t), for j=0,1,2,3, Q2.1
u(x,0) = up(x), u; (x,0) = u(x).

Let A: D(A) C 'Hs — 'H, be the linear operator associated to (2.1) defined as

0 I
A= (aﬁ—a;*o)’ 2.2)

with a domain D(A) = Hg*“(?l‘) x HS(T). We can see that A* = —A. In an
abstract setting, by considering & € L*>(0, T; H*~*(T)), y = ( " ), Yo = (uo)’
Uy

ui

and Bh = ( 0 >, the linear system can be written as
g(x)h(x,1)
dy = Ay + Bh
ar TR 2.3)
¥(0) = yo.
The discrete spectrum of the operator A is
o(A) :={r, =isgn(m)vVn2(m>+1) / n=0£1,+2,..}. (2.4)
Th lized eigenfuncti iated with Ao = 0 is ¢p = — 0 d in th
e normalized eigenfunction associated with 1o = 0 is ¢g = VAR , and in the

other cases, the normalized eigenfunctions associated with A, for n € Z* = Z \ {0}
are

TE for =142, ...

¢n:|: = =
170+ 17,

5 o . . . - 0
where {no, N,+}nez € Hj is the Riesz basis formed by 1o = ( ) ),

lginx le—inx
g = }LZinx . Tl = A;_inx , forn==+1,42,...

We have that {Jso, ani}nez is an orthonormal basis of Hy, that is, for any ¥y € Hj,
there exists unique coefficients Sy and B,+ such that

o = Podo + 3 (Butbur + Bu-tbr-) 2.5)

nezk*
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Remark that the expansion given in (2.5) is a Fourier series. Moreover, the solution y
of (2.3)is

Y0, 1) = Boe™ ' Go(x) + Y € (Bu—bn— () + Bt but (x))

nelZ*
+ /0 t {ao(ﬂ)e*o(f—”hﬁo(x) + EXZ: fo )
(e ()P () + - () )) 2.6)
where
ao(r) = (Bh(x, 1), do(x)s
and

0t (1) = (Bh(x, 1), dna(x))s, for n e Z*.

The coefficients By, B+ are associated to the initial data Yy as in the Fourier decom-
position (2.5).

2.2. Well-posedness

The well-posedness results for the linear system are a direct consequence of the
spectral analysis obtained in Sect. 2.1. The system (2.3) is well-posed in H; for any
s € R, because the operator A, defined in (2.2), generates a group of isometries on
the space H,. Therefore, if & € L>(H*~2), by semigroup theory there exists a unique
solution y € X; of (2.3). Additionally, by Duhamel’s principle, the solution of (2.3)
can be written in integral form as

t
Y1) = Mo + / A BR( e .7)
0

while the solution of the nonlinear system (1.4) can be written as

t t
> - _ _ 0
Y1) = %o +/ A BR(tHdr +/ eAll ”( )dt’. (2.8)
0 0 N (u)xx
However, if we are in a low regularity framework, the nonlinear term cannot be esti-
mated if we only use Sobolev spaces. Since, we aim to achieve s > — % with a quadratic
nonlinear term we consider two cases taking advantage of the bilinear estimates done

initially in [7] for s > —1, and after in [9] for =1 <5 < —1.

2.2.1. Cases > —3
The integral form (2.8) of the solution of (2.3) is not going to be enough to achieve

the desiblack regularity. We need to take advantage of the structure of the semigroup
and consider that the solution of (1.4) is
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t
u(t) = Wo(Hug + Wi(Hu; +/ Wit —t)gh(t')dr
0

t
+ f Wit — )N ) ()d’ (2.9)
0

where Wy, W are the two vector components of the semigroup generated by the
operator A. They are defined by Wo (1) := >, ., Wy (t) and Wi (t) := >, ., W' (1),
with

othn _ p—thn !
W () = <—u1)

2An
1
ol sgn(n)ta/n?n24+1) _ el sgn(n)ta/n?(n2+1)
= i , 2.11)
2i sgn(n)y/n?(m% + 1)

where we denote “and ! the Fourier transform in space and its inverse transform,
respectively.

Thus, the solution written as (2.9) allows to consider Bourgain spaces and use some
bilinear estimates already proven in the literature. We recall that for s, b € R fixed,
the Bourgain space Xy, is the completion of the Schwartz class S(R?) with respect
to the norm

. b s o~
lwlix,, = | <tl = V22 + 1) > < n >* ]2,

where~and ™! are the Fourier transform in time and space and its inverse transform,
respectively. The restriction in time of the norm [|w||x, ,, for T > 0, defines the space
XXTh with the norm

lulir, = inf {lwl,, /w(e, ) = . on 0, 71,

Additionally, not only for the well-posedness problem but also for the control prob-
lem we require some estimates for the linear and nonlinear problem.

As usual when dealing with dispersive equations in Bourgain spaces, we consider a
cutoff function 6 € CSO(R) with0) <6 <1, 6 = lin[—1, 1],and supp(f) C [-2, 2].
For 0 < T < 1, one defines 07(t) = 0(%). Thus, the solution of the linear system
(2.1) is written as

t
u(t) = 0r (1) <W0(l)uo + Wi(tuy + / Wi(r — t’)gh(t’)dt’> : (2.12)
0
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while the solution of the nonlinear system (1.4) as

u(t) = 0r ()
t t
(Wo(t)uo+W1(r)u1 + / Wit —t")gh(tdt' + / Wl(t—t’)N(u)xx(t’)dt’).
0 0
(2.13)

The following estimates will be useful in the sequel in order to deal with the linear
and nonlinear part of (2.13).

LEMMA 2. [7, Lemma 2.1] Let u(t) be the solution (2.12) of (2.1). Then,
lullx,, < C (luolls + lluills—2) - (2.14)

LEMMA 3. [7, Lemma 2.2] Let s > —1/4, =3 <&/ <0 <b < b' + 1l and
0<T <1.Then,

—1

([N(u)xx]~(nv f)) )

t
||9T/ Wit — )N ), (£)de ||, , < T2
0 ’ 20

X

where T is the frequency variable corresponding to time and n the frequency variable
corresponding to space.

It is worth to mention that Lemma 3 played a key role in the proof of the local
well-posedness for (1.4) when s > —4—1‘, as stated in the following result.

THEOREM 4. [7, Theorem 1.3] Let s > —}‘ and T > 0. Then, there exists r > 0
such that for any ug € H*(T) and uy € H*~%(T) with

luolls <7, and |uills—2 <r

and any h € L*(H*™?), there exists a unique solution u of (1.4) such that
ueC(0,T], H (T)) N X p.

REMARK 5. In fact, Farah and Scialom stated in [7] this result with a smallness
condition on the time of existence. Looking at their proof, we see that the same result
can be obtained, for any fixed time T but with a smallness condition on the initial
data. Concerning the term h, it does not appear in [7] but can be easily added as a
source term by classical semigroup theory.

2.2.2. Case —% <s < —%

For lower regularity, instead of using the characterization (2.9)—(2.10), we use the
ideas of Kishimoto in [9]. Considering the change of variable

v :=u+i(1 —3%)_18tu
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which transforms the Cauchy problem associated to (1.4) into the Schrodinger equation

iV + vey = 2 —it) — 2? (v + 0)? + Gh, 2.15)
v(0, %) = vo(x), '
22
for v a complex-valued function, the operator > = 1__—652 and the initial data vy =

uo+i(1—92)"luy.
The solution of (1.4) is recoveblack by considering

u = Re(v) and (ug,u1) := (Re(vg), (1 — 83)Im(v0)).

To consider the control systems (1.4) with a control Gh(x, t) = g(x)h(x, t), it can be
deduced from the change of variable that G& should be real and the bilinear estimate
to be used will be in this cases given by the following.

PROPOSITION 6. [9, Proposition 2.5] Let A > 1 and —} > s > —4. Then, we
have

—1 2/ A A A
IA™ w5 @ o) lws < Cs)llu™ llws lv* [lws

—2S—%
with Cg(A) = ’
’ (log(1 + A2 s =1

)

8=

1
_Z>s2_

Here, the parameter A with A > 1 is the scaling of the solution
uk(x, t) = A_zu(k_zt, A_lx),
and the pseudo-differential operators are

A2n? r r
2 1 o _ o1 2 _o
@ .7:" 1— ~|—)LGz‘?x and A% = n ST TN > Lx>

foro € R.
It is necessary to introduce the spaces W* and Y* uniquely defined for —711 >5 >
—%, through the norms of the projection over the frequency size

vllws = “P{<t+n2>§<n>}v||xx.1 + ”P{<t+n2>Z<n>}v”X.v+1,|

+ 1l P{<T+n2>>><n>2}v I Yy»

and
lullys :== Il <n >"dl21,
where, as before, < n >:= (1 + |n|?)!/2. Let us notice that we have the embeddings

Xs1, Xs4061 N YS > W — Xs0N Y*



Vol. 18 (2018) On the controllability of the Boussinesq equation 1509

for—§ > 5> —%and 0 < 6 < 1. Additionally,

X_1p1 <= WS and < X_1p10 Ys

fors = —1/2.
This approach improves the well-posedness property for the Cauchy problem (1.4)
until the space H™? (T) x H_% (T).

THEOREM 7. [9, Theorem 1.1] Let —% <s < —}1 and T > 0. Then, there exists
r > 0 such that for any ug € H*(T) and u; € H*~2(T) with

luolls =7, and |uills—2 <r

and any h € L*(H*™?), there exists a unique solution u of (1.4) such that

ueC(0,T], H (T)) N X p.

3. Linear control system

Once the well-posedness of the system is established, the study of the linear control
system is our next step. In this section, it is showed that a linear operator can define
a control driving system (1.4)—(1.5) from the initial state to the final state. The proof
strongly uses the spectral decomposition studied in Sect. 2.1, which allows to manage
the terms in a simpler way.

PROPOSITION 8. Lets € Rand T > 0. There exists a bounded linear operator

©: (Hy x H %) - L*(H*™?)

such that for any o := (uo, u1) € HS x H*~% and yr := (uor, uir) € HS x H*72,
the control defined by h := O (Yo, yr) drives the solution of

dy N . N
d—f — AY + Bh, 5(0) = jo. G.1)

to y(T) = yr. Moreover; there exists C > 0 such that for any Yo, yr € HS x H*72,
we have

1©Go, Yl 252 = CllGios YTl (b5 x 522 (3.2)
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Proof. Let yo, yr € HS x H* =2 and write them using the decompositions

5}0 = (Z?) = ,3050 + Z (lgn+$n+ + ﬂn—(;n—) s

nezk*

- uor e e 2
yr= <u1r) = Yoo + Z (Vn+¢n+ + J/n—¢n—> :

nez*

By previous computations, we can write the solution of (3.1) at time T as

Fe, T) = Boe™ o) + Y €T (Buybut (x) + Bu—u—(x))

neZ*
T R T R
+ [ a0 T g + Y [ T e 00 G )
0 nelZ* 0
T -
+ 3 [T e, 0, (33)
0

nez*

with
ao(t) = / eOh(r, DAy, ane(r) = / g(0h(r, DR (x) dx
T T

where for a vector g, we denote ¢® its second component.
Looking at each component, we see that the problem we want to solve is to find
functions oo (¢), a,+ (1) such that

T
Bo + / ao(t)dr = yoe o7 | 3.4
0
T
B+ / ey (1)dt = yy_e T, (3.5)
0
T
Brs + / el (Hdt = y,pe T (3.6)
0

In order to solve this moment problem, we need some special basis for LZ(0, T).
By Sect. 2.1, we have that, up to normalization,

@ — ¢~ and ¢,§2+) =",

If we define p, () = e’ then P = { Pninez forms a Riesz basis for its closed span,
Prin L%(0, T). By [8] there exists Q = {g,},ez, the unique Riesz basis dual to P in
Pr. Thus, we have

T
/0 qj()pu(t)dt = 6,5, —o0 < j,n < oo. 3.7
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Using the basis Q, we look for the control /4, driving system (3.1) from ¥y to yr, in
the form

W0 = ghoao) + Y q;0g() (h-¢Z +hji9f)). (38

JjezZ*

We are led to find the coefficients hg, h,+, for n € Z. Plugging (3.8) into (3.4), we
obtain initially forn = 0,

T
Yoe ﬁo—/ ap(t)dt = / /g(x)h(x tdxdt

/ f (x)hodxdt = hoT/ (x)dx,

and then for n € Z*
r Z(2)
Yooe T — B, = /0 /Th(x, Ng(x)py” (x)dx e *'dr
_ 2 —nt 7(2)
—/g (X)ho/ qo(),~(x)dx

f gy f g (0)d

JjeZ

{46200 + hj-¢P 0dx} 6P (0dx

= hpy / 202 ()62 (0)dx + hy / 20 (1)p? (x)dx
T
= hn+bn+ —+ h —a

and
T
Yare T — By =/ /h(x,t)g(x)(i;,(,%z(x)dxe_k"’dt
0 T
= f g2 (x)ho / e o (0B (x)
T 0

f gy f g (0)d

JEZ

{40720 + -9 (x| G2 odx

= Iyt / )2 )% (x)dx + h,, / 2202 (0 (x)dx
= hysd + hy_by_
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where we are considering
/ g (P, (x)dx = / g2y ()P (x)dx = % / g*(x)dx,
T
by 1= / 20 ()¢ (x)dx = — / 2(x)em dx,

by = / 202 )2 (x)dx = _/ 2(x)e~2inv gy,
We define

2T AT _ AT
po=vroe " — Bo, Pun—=VYn-e = Bun—s  Pnt = Vnye — Bt
to write the systems
po = Thoa,

Pnt+ = hpya+hy_by,_, (3.9
Pn— = hn+bn+ +hy_a,

that we should solve in order to find the control 4. The determinant of each system
3.9)is (by+by— — a?), which is not zero and then it allows to compute the solution

_ Pu—bnt — pnta _ Pn+bn— — pn—a

P
LN . and h,_ =
”+ B Y —

hy = 20 -
"= Ta byiby_ — a?

Now, we have to prove that the control /4 is well-defined as an element in the space
L%(0, T; H*~2(T)). To do that we estimate its norm as done in [13]. Let us consider
the expansion of each g(x)d),ljE as follows

2 2 2
s =at + 3 (atof) +aite?)

=

where the coefficients are given by
= [ sweRw
—TT
T
aly = / 8P ()P4 (0)Pdx,
alt = / 22 (NP (1) Ddx.
-7

Plugging this decomposition in (3.8), we obtain that the control can be written as

hx, 1) = ¢(2><x)( 0hogo(®) + Y af Thagn(®) + Y ag"hn_qﬂ(n)

nezk* nez*

+ > o) (a,+hoqo(r> + Y dthga )+ ) a;?+hnqn<t))

JEL* nez* nez*
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+ > ¢ (a}’_hoqo(t) + 3 A g+ Y @ (t))

JEL* neZ* neZ*

and taking the norm in L%(0, T; HP(T)) for some p, we obtain

2
T
e, D20y = / aghoqo(t) + Y ag huvqn () + ) ag ha—ga (1)
0 nez* neZ*
2
+ Y A+ A7 (al hoqo) + Y @ huyan®) + Y dF b ga(®)
JEZ* nez* nez*
2
+ Y U+ P (@) hoqo() + Y diFhusgu®) + Y @i "hy-ga(0)] di.
jez* nez* nez*

By applying Cauchy Schwarz inequality, we get

||h<x,r>||iz(m)§c{(a8h0)2+2 (@ hs) + 3 (a has)

neZ* nez*
2\ p 0 2 n+ 2 n— 2
b0 | (o) X (@) + X ()
JEZ* nez* nezZ*

jez* nezx* nez*

+ YA+ |:(a?_ho)2 +3 (af}ihn+)2 +) (“7—}‘"—)2}

or equivalently

2 2
1 G D122 g0 = € § (B? | (@) + 3 (1 + 57 ((a;-’+) +(a9_))

JEL*

r 0| D (o) (@) ) Y

nezZ* JEL*

+ > )| YA+ P ((ay;)z + (a7:)2> +(al7) (3.10)

nez* JEL*

where C > 0 bounds uniformly the L2-norms of functions {g j}jez- Notice that due

to the form of {q)jiz}j ez We obtain, for generic indices n, j € Z, that

ol =| [ e 0n] = |
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Using this, we obtain
A+ 1DPlanl* =Y (1 + i la)_;
JEZ JEZL
=Y A+ n+jD*lal
JEZ
< CU+ D> Y (1 +1jD*1af)?
JEZL

< C(+ D> lgll3.

With the latter estimate, we can go back to (3.10) to get

12172410, =< Cligll; ((ho)2 + ) A+ 1) [(hes)* + (hnﬁ)
neZ*
00 \?2 25| Pn—bnt — puta |2
< Cllgl} ( (22) + Y (4 || 22—l |
P\\Ta nEXZ:* ntbn_ —a?
Putbu— — pp—a ‘2]
bn+bn7 — (12

+

< Cligll; ((ﬂ0)2 + 0+ Y (L4 )

neZ*
(B + (B + ) + (-]

< CliglyUluollp + llurll ). (3.11)
where the constant C varies line to line. In particular, the constant C bounds uniformly
the quantities m. This is possible because the terms (b,+b,_) converge to
zero, as they are the coefficients in the Fourier decomposition of g = g(x).

If we take p = s, since ug € H* and u; € H*~2, then (3.11) makes sense. The
existence of the control / in the space L?(0, T; H*(T)) and estimate (3.11) end the

proof of Proposition 8. O

4. Nonlinear control system

As a final step, the controllability for the nonlinear system is proved. The integral
equation form for the nonlinear Boussinesq equation (1.4)—(1.5) can be written as

t
u(t) = 0r () <Wo(t)uo + Wi(tu + / Wit —t")gh(t')dt’
0

t
+ / Wit — t")N (1) (t’)dt’> . 4.1
0
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Thus, we see that we have to prove the existence of u satisfying (4.1) and
u(x,0) =wuo, ulx,T)=uor, u;(x,0)=ur, u;(x,T)=ur.

For any u, we define
t
w(t, u) = f Wit — t)N () (t))dt', 4.2)
0
and using Proposition 8 for final state (uor, u1r) € H) x H® =2 we choose

hu = ©7(0,0, uor — w(T, w), w7 — w,(T, u))

From (4.1), we define the map I' : X5 — A as
t
C(u) = 0r (1) (Wo(t)uo + Wi (t)uy + f Wit — 1) g(x)hy (t)dt’
0

t
+ / Wi(t — )N () x (t/)dt/) . (4.3)
0

The reader should notice that it is enough to show that I" is a contraction in a space
X l{ . (and consequently has a fixed point) to obtain the exact controllability of the
system (1.4)—(1.5).

From Lemmas 2 and 3 (when the hypothesis are satisfied), we obtain

”F(u)”XsTb < C(||M0||s + lurlls—2 + ||ghu||XTb, + ”N(”)”XT[/)
for —% <b' <0 <b<b + 1. Additionally, from (3.2), we get

lghallxr = C(Nuolls + lerlls—2 + Nuorlls + iz ll—2 + w (T, W)l
Hlw (T w)l-2)

For the linear terms one has || f|lxs < C|| f|lx,, for any f € X;; (see [7, Lemma
2.1]), and together with Lemmas 2 and 3, we have

T
lw(T, w)lls = II/O Wi(T — ") (N (u))xx (")t ||

t
< sup || | Wit — ") (N @) (t)dr|| 5
[0,71 Jo

T
< II/O Wit = 1) (N @)xx ()x,

< CIN@)ax ()], ,
2 2
< Cllalfr, < Cleliyy, (4.4)
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for the last line, we are taking into account that X j; is continuously embedded in
X,.p for b’ < b. Taking the derivative with respect to time in (4.2), when xo ;] is the
characteristic function in [0, 7] and §; is the Delta Dirac function centeblack in ¢, we
obtain

d T
wi(tu) = [ /O xo0.qWit —1') (N (@))) . (t/)dt/}

T
=AamMmm46Wmemwmﬂ
t
+ /O Wo(t — 1) (N (@), (t)dr'

t
= /0 Wo(t — 1) (N(u(')))  (t)dr'. 4.5)

Following the previous computation and taking into account that X ,, is continu-
ously embedded in X 4, for a; < ay, we obtain

t
lwi (T, u)|ls—2 < sup II/ Wo(t —1') (N(u(')),, dt’lls—2
0,71 Jo

T
< ”/o Wo(t — 1) (N (') xxdt || x,

< CII(N@))xxllx, ,
< Cllu 2 < Cllu 2 . 4.6
< Clulf = Clully, (4.6)

Therefore, from (4.4), (4.5) and (4.6), the norm of (4.3) can be bounded as

IT@)lyr, =€ (Iluolls +lluills—2 + lluor lls + lluirlls—2 + |Iu||§(£s> :
For R > 0, we denote By the ball of radius R and center O in X p, i.e.,
Br={u€X{, lulgr <R}
and we obtain
TGl xr, < Clluolls + Cllulls—2 + Clluorlls + cllurr lls—2 + cR%.
If § > 0and R > 0 are selected such that
4C5+CR* <R and CR < %
we obtain that the image of the map (4.3) stays in the ball Bg, i.e.,
IP@lyr, < R

for [luglls < 8, lluills—2 =8, lluorlls < dand luirlls—2 < 4.
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Let us show that I in (4.3) is a contraction. Taking u, v € Bg
IT@) = T)lyr,

t
< II/ Wit —t)g(x)O(0, 0, —w(T, u) + w(T, v),
0

—we (T, u) + w (T, U)))(t/)dt/)“XST,b

t
[ W= W = N 00l
In a similar way as before, by Lemma 3,
IT@) = T@llyr, = 18O, 0, —w(T, u) + w(T, v), —w, (T, u)

+w (T, v))llxrh,
+ (N (u) = N(v))xx ”XST;/

= w(@,u) —w(T, v)liyr + lwi (T, u) —wi (T V)lyr
+ (N ) — N(0))xx ”XTb/

< llu— ””X{b + (N (u) — N(U))xx||XsTb/~ 4.7)

Since this estimate (4.7) depends on the nonlinear term, we analyze the three possible
cases. If N(u) = u?,

2 2
u=-—v < (llu v u—v 4.8
I = v2lyr, < (lallyr, + olgr, ) e = vl 48)

CRllu—vlixr,

IA

IA

1
Sl = vl .
For N(u) = 2 the estimate follows directly from (4.8). Finally, if N (1) = uu,
lu = vllyr = lluG =) —v@ —w)lyr,
= (I, + ol ) e = vllr,
< Sl =vllyr,.

Therefore, I' is a contraction on Bg. Thus, we proved the existence of a unique fixed
point u € Bg. This fixed point u is the controlled solution of the integral equation
(4.1), which ends the proof of Theorem 1.
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