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Abstract

This paper studies the internal control of the Korteweg—de Vries—Burgers (KdVB) equation on a
bounded domain. The diffusion coefficient is time-dependent and the boundary conditions are mixed in
the sense that homogeneous Dirichlet and periodic Neumann boundary conditions are considered. The
exact controllability to the trajectories is proven for a linearized system by using duality and getting a
new Carleman estimate. Then, using an inversion theorem we deduce the local exact controllability to
the trajectories for the original KdVB equation, which is nonlinear.
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1 Introduction

The Korteweg—de Vries (KdV) equation appears in the nineteenth century with the works of Boussi-
nesq [5], Korteweg and de Vries [24], [29]. From a physical point of view, the KdV equation represents
a model for the motion of long water waves in channels of shallow depth, in which two different phe-
nomenon are presents, namely, nonlinear convection and dispersion. This interaction produces a wave
traveling at constant speed without losing its sharp, usually called soliton.

The study of the KAV equation from a control point of view began with the work of Russell [33] and
Zhang [30] in late 1980s. Both exact control problem and stabilization problem have been intensively
studied since then. For internal control of the KdV equation on a periodic domain, Russell and Zhang
[34] showed that the system is locally exactly controllable and exponentially stabilizable in the space
H?*(T) for any s > 0. Their work was improved by Laurent, Rosier and Zhang [25] who showed that the
system is globally exponentially stabilizable and (large time) globally exactly controllable in H*(T) for
any s > 0. The study of the boundary controllability for the KdV equation on a bounded domain (0, L)
was started by Rosier [31I] where he employed only one control input. Using compactness—uniqueness
arguments and the Hilbert Uniqueness method he first showed surprisingly that the linearized system
around the origin is exact controllable in the space L?(0, L) if and only if the length L of the spatial
domain does not belong to a set of critical values. Then assuming the length L of the spatial domain
is not critical, he showed the nonlinear system is locally exactly controllable in the space L?(0,L) by
using contraction mapping principle. If all three boundary controls are employed, Zhang [37] using a
different approach proved that the system is locally exactly controllable in H*(0, L) for s > 0 without
any restrictions on the spatial domain. When the linearized system is not controllable, nevertheless, one
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can still prove that the nonlinear system is locally exact controllable in the space L?(0, L) by using power
series expansion of the solutions (see [I3| [9, I0]). Other related results can be found in [I9] and [32].
Concerning the internal controllability for the KdV equation on a bounded domain with homogeneous
Dirichlet boundary conditions, the most recent work was done by Capistrano-Filho et al. in [7], where
the authors obtained some controllability results using an approach based on Carleman estimates and
weighted Sobolev spaces.

On the other side, the Burgers equation first appeared in 1940 as a simplified one—dimensional
model for the Navier—Stokes system [6]. Its controllability properties on bounded domains are certainly
different in each case (i.e., distributed controls, boundary control, initial value control). For instance, in
[22], Horsin studies the exact controllability on a bounded domain for the Burgers equation by means
of the return method [I2]. In the case of boundary controllability with partial measurements, the work
[20] done by Imanuvilov and Guerrero shows that the exact controllability property does not hold. In
the context of distributed controls with Dirichlet and Neumann boundary conditions, the works by
Fernandez—Cara and Guerrero [I5] and Marbach [28] addressed these problems.

As consequence of the union of the KdV and Burgers equations arise the Korteweg—de Vries—Burgers
equation (KdVB equation), which in our case has homogeneous Dirichlet boundary conditions and
periodic Neumann boundary conditions. More precisely, we consider the following system

Yt + Yzaz — V(t )yacx +yys = F(x,t) in  (0,L) x (0,T),

(0.0) = y(L.t) — i (0.7), -
Y2(0,1) = yz (L, ) on (0,7), '
y('7 0) = yO( ) in (Oa L)7

where y = y(x,t) represents the surface elevation of the water wave at time (0,7") and space (0, L),
v(t) == vp + v(t) > 0, with vy > 0 and D(t) > 0 is the diffusion coefficient, F' = F(x,t) is an internal
force and yq is the initial datum. The system can be viewed as a model of propagation of long
water waves in channels of shallow depth, whose solutions depend on the nonlinearity, dispersion, and
dissipation. Moreover, by introducing a variable coefficient v(t), the KAVB equation is useful to
describe cosmic plasmas phenomena [18], [27]. Respect to the boundary conditions, they appear in
order to symmetry the operator. Thus, studying the controllability of our system can help to build
for instance some feedback laws requiring that the underlying operator is skew-adjoint. Besides, we
can explicitly mention the difficulty appearing with these boundary conditions: the hidden regularity
L?(0,T; H(0, L)) is not implied by the third order term. That is the reason that the Laplacian is added.

From a mathematical point of view, there exist several results for the KdVB equation in both bounded
and unbounded domains, concerning the global and local well-posedness problem [§], [26], [14] and [3];
the optimal control problem [4], [I1]; the internal controllability problem on unbounded domain [17];
and the boundary feedback stabilization problem [23]. As far as we know, the internal controllability
problem for has not been studied and thus, our paper will fill this gap.

Throughout our work, we will use the following notation: let w C (0, L) be a nonempty open subset
and let @ = (0,L) x (0,T), for T > 0. The main result of this paper is related to the local exact
controllability to the trajectories of the KdVB equation

Yt + Yzaz — V(E)Yzz + YYe = vluxor in Q,

y(O,t) = y(L7t) =0 on (0 T)
Y2 (0,t) = y. (L, t) on (0,7,
y(-,0) = yo(") in (0,L),

where v = v(z,t) stands for the control, which acts in the domain w x (0,T).

(1.2)

Let us now introduce the concept of exact controllability to the trajectories for the Korteweg—de
Vries—Burgers (KdVB) equation. The goal is to reach (in finite time T') any point on a given trajectory
of the same operator. Let 7 be a solution of the uncontrolled KdVB equation:

yt"’?mxr_ ()yxac+yyx_0 in Qv
t

y(0,1) = ( b)) = on (0,7),
7,(0.) = 7,(L, ) on (0,7), (1.3)
y(-,0) = () in  (0,L).



We look for a control v such that the solution of satisfies:

In this paper we will show that for any given trajectory ¥, which is a solution of (|1.3), there exists
a ¢ > 0 such that, for any yo € X (an appropriate Banach space) satisfying

o = Tollx <6, (1.5)

one can find a control v such that the system (1.2 admits a solution y(z,t) satisfying (1.4)).
Here we assume

7€ C([0,T); H*(0,L)) N L*(0,T; H**(0, L)) (1.6)
for some s € [0, 3].

To prove the exact controllability to the trajectory, we consider two relevant control systems, namely,
the linearized system of ([1.2]) around 7 which is

Yt + Yoww — V(t )ym +PYr + Y, = [+ 0luxor in Q,

y(0,t) = y(L,t) = on (0,7), (1.7)
Y2 (0,t) = vz (L, ) on (0,7), .
y(',O) = yO( ) in (OvL)
and the adjoint system associated to

—®t — Przx — V(t)@xm - y‘Pm =g in Q
©(0,t) = o(L,t) =0 on (0,7, 18
22(0,1) = 0o (L, 1) on (0,7). (1.8)
e(T) =e¢r() in  (0,L)

Our strategy is as follows:

i) Establish first a global Carleman inequality for the system (1.8). More precisely, we will prove the
following Theorem:

Theorem 1.1. Let v € L*°(0,T) and assume that § satisfies (1.6)). Then, there exist two positive
constants sg,C' depending on L and w such that, for every or € L*(0,L) and g € L*(Q), the
corresponding solution to (1.8) satisfies:

/ / (55 P53 pal? + 5€ s Ple 0 dudt

//|g|2 2md$dt+8 // 59 —69a+29a‘(p| dxdt)

wx(0,T)
for every s > sg.

The estimate (1.9) allows us to prove a null controllability result for the linear system (|1.7)) with
right-hand side satisfying suitable decreasing properties near ¢ = T'. Theorem will be proved
using the same approach as in [21] 2] [7].

ii) Then establish the local exact controllability to the trajectories for the KdVB equation. Here,
fixed point arguments will be used to prove Theorem [I.2] given below.

Theorem 1.2. Let T > 0 be given, Assume § € C([0,T]; L?(0, L)) N L*(0,T; H'(0,L)) be the
solution of . Then there exists a 6 > 0 such that for yo € L*(0, L) satisfying (1.5)), one can
find a function control v € L?(0,T; L?(w)) such that (1.2) admits a solution y satisfies

y(T)=3(,T) in (0,L).

The paper is organized as follows. In Section we prove the local well-posedness of the system .
In Section (3] we establish a Carleman inequality for the adjoint system , which is associated to the
linearized KdVB equation. In other words, we prove Theorem [I.I] In section [ we deal with the null
controllability for a linearized system with a right-hand side in L?(0, L). Finally, in Section [5| the proof
of Theorem [I.2]is given.



2 Well-posedness

2.1 Linear case

In this subsection we establish the well-posedness of the system

Yt + Yzzx — V(t)yz'r + Yy, + yzy = f in Q7
y(0,t) =y(L,t) =0 on (0,7), (2.1)
Y2(0,t) =y, (L, 1) on (0,7), '
y(,O) :y0<) in (OvL)?
where 7 satisfies (|1.3)). First we consider the following linear problem
Yt + Yzzz — VoYzx = f in Qa
y(0,t) =y(L,t) =0 on (0,7, (2.2)
Y2(0,t) =y, (L, 1) on (0,7), '
y(~,0) :yO(') in (0>L)a

where vy > 0 is a constant.

Proposition 2.1. Let T > 0 be given. For any yo € L*(0,L) and f € L*(0,T;L?*(0, L)), [2.2) admits
a unique mild solution y € C([0,T); L?(0,L)) satisfying

1Ylleqo.rizz.0)) < Cllyollzo.Ly + [1fllzr0,7:L2(0,00))
where C' > 0 is a constant independent of yo and f.
Proof. Consider the operator A := —93 + 1492 defined on
D(A) :={u e H*(0,L)N H(0,L) : u(0) = u(L) = 0, u,(0) = u,(L)} € L*(0, L).
For any ¢ € D(A),

L L L
<A§Da <P>L2(O,L) = / PrzxP dz + VO/(PQ::L’@ dr = —vg / |wm‘2 dr <0.
0 0 0

Thus A is dissipative. Similarly, one can verify that A* is also dissipative. Thus, the operator A generates
a strongly semigroup {S(¢)}+>0 of contractions in L?(0,L) by the Lumer—Phillips Theorem ( see [30],
Corollary 4.4, page 15). Hence, for any yo € L*(0,L), T > 0 and f € L*(0,T;L?(0, L)), admits a
unique mild solution y € C([0,T]; L?(0, L)), given by the formula

t
y(t) = S(t)yo + /S(t —8)f(s)ds, Vtel0,T) (2.3)
0
and depending continuously on the data, i.e.,

)

||y||C([O,T];L2(0,L)) = tS[%I}] ||3/||L2(0,L) < (||3/0HL2(0,L) + ”fHLl(O,T;LZ(O,L)))'
€

This completes the proof of Proposition [2.1] O

Remark 2.1. Observe that if the initial data yo belongs to D(A) and f € C*([0,T]; L*(0,L)) or f €
LY(0,T;D(A)) N C([0,T); L3(0, L)), the system admits a unique classical solution, in other words,
y belongs to

C([0,T]; L*(0, L)) n C((0,TT]; L*(0, L)) N C((0, T); D(A)),

which can be expressed as (2.3|). The reader interested can see [[30], Corollary 2.2, page 106] for more
details.

The following lemma reveals a global Kato smoothing property of the mild solutions of (2.2)).
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Lemma 2.1. For everyT >0, f € L*(0,T;L?(0,L)) and yo € L*(0, L), the corresponding mild solution
of ([2.2) belongs to C([0,T); L*(0, L)) N L?(0,T; H*(0, L)) and satisfies

1yl Lo 0,7;220,)) + 19l 220,712 0,1)) < CllollL2(0,z) + 1 fllz20,m:02(0,1))

for some positive constant C dependent of vy. Furthermore, the term yy, belongs to L*(0,T; L?(0, L))
and it satisfies the estimate

lyyellLro,7;220,0)) < CHyH%Q(O,T;Hl(&L))v
for some constant C > 0 dependent of vy.
Proof. The proof follows the same ideas in [23], it is therefore omitted here. O

Now we recall three additional Lemmas on sharp Kato smoothing property of the linear KAVB systems.
The first one is for the linear KdVB equation posed on the whole line R.

Wi + Wage — VoWge = 0, z€R, t e (0,+00), (2.4)
w(z,0) = wo(z), r eR. ‘
Lemma 2.2. For a given 0 < s < 3 and wg € H*(R), the solution of problem (2.4)) satisfies
sup (0o 25 o)+ 1020 00y < Cllwolreey (25)

for some positive constant C.
The second one is for solutions of system (2.2)).

Lemma 2.3. For given yo € L?*(0,L) and f = 0, the unique solution y of (2.2) belongs to
L>(0, L; H3(0,T)) with y, € L>=(0,T; L2(0, L)) satisfying
3 (18l g+ Il laz0im) < Claollonn (2.6)
where C is a positive constant.
The third one is for solutions of the following linear problem

Yt + Yzzx — VoYzz = f in (01 L) X (07 +OO),

y(0,t) = y(L,t) =0 on (0,7), 2.7)

Y2 (0,t) = y. (L, t) on (0,7), ’
Lemma 2.4. For any T >0 and f € L*(0,T;L?(0, L)), there exists a positive constant C' such that the
solution y(x,t) of (2.7) satisfies

T
o0 (1062 )3 gy e i) < € [ 15800 .
z€[0,L] ’ 0

Combining the previous results, we obtain the following Lemma for the linear system (2.2)).

Lemma 2.5. For any T > 0, f € L}, (0,+00; L*(0, L)) and yo € L*(0,T), the linear problem (2.2)
admits a unique solution

y € C([0,T]; L*(0, L)) N L*(0,T; H'(0, L)) N L>°(0, L; H3 (0, T))

satisfying y. € L°(0,L; L?>(0,T)). Furthermore, there exists a constant C independent of T, yo and f
such that

sup ||y('vt)||L2 0,L +||yHL2 0,T;H(0,L)) T Sup (Ily(x,)ll 1 +||yx(x7~)||L2 O,T)
te[0,7] ©.L) ( O oL HE(0,7) (0.7)

< C(||f||L1(O,T;L2(O,L)) + ||yoHL2(o,L))~
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In order to build the necessary regularity which will be used later on, we introduce a weak formulation
of (2.2) for f € L*(0,T; H=*(0, L)).

Definition 2.1. For (f,yo) € L?(0,T; H=1(0, L)) x L?(0, L) a function y € C([0,T]; L?(0, L)) is called
a weak solution of (2.2)) if it satisfies the following identity

T L T
//ygdxdt + (1), o1) 20 / ) E-1(0,0)x H21(0,0) 3 + (Y0, 2(0)) £2(0,1). (2.8)
0 0 0

for all (g, ) € L*(0,T; L?(0, L)) x L*(0, L), where ¢ = ¢(g, ) is the mild solution of

—Qt — Pozr — V0Pzz = ¢ N (Oa L) X (07 +Oo)a

@(Ovt) = SD(LJ) =0 on (OaT)a (2 9)
©2(0,1) = (L, 1) on (0,7), '
o, T) = ¢ in (0,L).

In the following proposition we prove a regularity result for (2.2)) by considering the pair (f,yo)
belongs to L?(0,T; H*~1(0,L)) x H*(0, L)) for any given s € [0, 3].

Proposition 2.2. Let 0 < s < 3 be given. For any (f,yo) € L?(0,T; H*=*(0, L)) x H*(0, L)), the system
[2.2) admits a unique weak solution y € C([0,T); H*(0, L)) N L?([0,T]; H**1(0, L)) and, furthermore,
there exists a positive constant C such that

Iyl 20,1541 0,2)) < C(\|f||L2(o,T;Hsfl(o,L)) + ||yo|\Hs(o,L))- (2.10)

Proof. Consider the system

du

as defined in (2.2)). Since A is the infinitesimal generator of a semigroup S(t) in the space L?(0, L), it
follows from the standard semigroup theory that

¢ € L*(0,L), feL'0,T;L*(0,L)) = ue C([0,T]; L*(0, L))
and moreover, there exists a constant C' > 0 such that

lulloqo,riz2 0.y < C (10llz20,z) + 1 fllLr(0,):22(0,)) -

In addition,
¢ €D(A), feL'(0,T;D(A) = ueC(0,T]; H*(0,L))

and furthermore, there exists a constant C' > 0 such that
lulleqo,raso,0) < C (16llas0,0) + 1 FllLro.1):m30,L))) -
Taking into account that

d (L L L
— u?(z, t)dx + 21/0/ u?(x,t)de = 2/ fz, u(z,t)
dt Jo 0 0

for any t > 0, we arrive at

L
/uQ(x,t)dJ;—/ dex—i—QVo// mtda:dt—Q// flz, tu(x, t)d
0 0

which implies that
lull 220,751 0,2)) < C (I6llL2o.0) + 1 20.r5m-10,2))) -

Similarly, if we let v = Au, then we have

HU||L2(0,T;H1(0,L)) <C (||A¢||L2(0,L) + ||Af||L2(o,T;H—1(o,L))) )



which yields that
lull 20,7:m300,0)) < C (|01l 2 0,) + 1 f | 200,712 (0,1))) -
By interpolation arguments,
lull 20,7 m1+30 0,2)) < C (@l #rze 0,2y + 1| 220, -1420 (0, 1)) ) »
for 0 < 6§ < 1, or in equivalent form
lull 20,111+ 0,)) < C (181l a2 0,y + 1f Il L2015 2 (0,1))) »

for 0 < s < 3. This completes the proof of Proposition [2.2 O

Now, we extend the previous Proposition to the linearized system ([2.1)). For this purpose, let us
introduce the space Y as follows: for any 0 < s < 3 and any 7" > 0,

Y: = C([0,T]; H*(0, L)) N L*([0, T); H¥T(0, L)).

Lemma 2.6. For given 0 < s <3 and T > 0, there exists a positive constant C' such that

v

[(wv)zllL2(0,1;5-1(0,2)) < Cllullvzllvllv (2.11)

and

|7V2ellL20,mm-10,0)) < CllP| Lo 0,1y |V]
holds for any u,v € Y and v € L>(0,T).

v (2.12)
Proof. i) The case s = 0. In this case, we have

v*(x, t)dadt < ||UH%*([0,T];L2(0,L))||U||2L2(0,T;Loo(0,L))~

St~

T
w22 gy < / s )12 .
0

Taking into account that H'(0, L) — L>°(0, L), the inequality (2.11] is proved.
On the other hand,

l7vasllZeorim-10.0) S sup (0P I0IZ20,7:0 0,0))-
te(0,7]

ii) The case s = 1. Following the previous steps, we have

T
Iww)alFEacay <2 [ (106 O e lluC OB 0. + Dl 000 Do )
0
< Cllully llolly;

and

HDUzmH%Z(Q) < tS[%PT |17|2||UH2L2(0,T;H2(0,L))- < C||5||L°°(0,T)HU||YT1-
€

)

Similar arguments for s = 2,3 as well as interpolation properties allow to complete the proof. O

Proposition 2.3. Let T > 0 and s € [0,3] be given and assume § satisfies (L.6). Then for any
yo € H®(0, L), the linearized system (2.1) admits a unique solution y € V3.

Proof. The proof is developed for the case s = 0. Similar arguments allow to extend this result for
0 < s < 3. Let us consider R > 0 and 0 < # < min{1,T} two appropriate constants to be determined.
Let Bgr:={v e Yy: ||U||y90 < R} and define a map A : By.g — By r by A(v) = y, where y is the
unique solution of

Yt + Yzww — VoYzz = f/(t)vx:c + @U)x in Q,

y(oat) = y(L’t) =0 on (OvT)a
Y (0,1) = yu (L, t) on (0,7),
y('70) = yO() in  (0,L).



Obviously,
A(v) = S(t)yo + / S(t — 7)[70rs + (F0)a) (7) dr.

From the above representation, Proposition and Lemma there exist positive constants Cy,Co
such that

IA@)[lye < Cillyoll 20,2y + C20" (7]l L 0.1y + [Tllv) [v]lye- (2.13)
Choose R > 0 and T™* = 6 such that

1

R:=moC1lyollzz0,0) and CoT™Y2(||7||pee(o,r) + [9llye) < T Vmg,ng > 2.

Then, by (2.13) we have that [|A(v)]lys, < R. Furthermore, for every u,v € By« g,
[A(v) — A(U)HY;E* < CyT* 2|5 vy — i) + (F(v — u))ellL2(0,7+ -1 (0,L))
< 1
= 770”1) - u”YTO*'
Therefore, A is a contraction mapping on Br- g and it has a unique fixed point u € Y. which is

the solution to the linearized problem (2.2)) in (0,7*). Finally, from (2.1))-(2.1) we can observe that
T* € (0,T) is independent on ||yo|z2(0,r), it implies that the previous arguments can be extended on

intervals (T*,27T*], (2T7*,3T*],...,((n — 1)T*,nT* = T]. Therefore, the existence of a unique solution
of (2.1) in (0,7) is guaranteed. This completes the proof of Proposition O

Remark 2.2. As consequence of Proposition 2.5 E and Proposition |2.4 m for any trajectory y € Y}, the
solution y of . satisfies

Iwllvz < C(If ez 0, + ol oo,z ) (2.14)

for some positive constant C.

2.2 Nonlinear case

In this subsection we turn to consider the following nonlinear initial boundary value problem (IBVP):

yt( +z§—( ())ym+yyw =0 in EO,L% % (0, +00)
0,1 : in (0,7),
Y2(0,1) = ya(L,1) on (0,7), (2.15)
y(-,0) =wo(") in  (0,L)

Proposition 2.4. Let s € [0,3] and T > 0 be given. There ezists 6 > 0 such that for any yo € H*(0, L)
satisfying ||yoll m=(0,r) < 9, the nonlinear system (2.15) admits a unique solution y € Y7.

Proof. The proof follows the same scheme of the linear case. In fact, let R > 0 be an appropriate
constant to be determined. Again, we consider a map A : Bp C Y7 — Y by A(v) = y where y solves

=wvy, in Q,

y0.0) —yLH =0 i (O.1),
Y2 (0,1) =y, (L, ¢t on (0,7,
y(-,O) = yO(') in (O7L)'

In this case,

Using Proposition Lemma [2.6|and (2.14), there exist positive constants C3, Cy such that
[A(v)]

(2.16)

vi < Csllyollmeo,L) + Ca



Consider R > 0 such that

1
R .= m003||y0||Hs(0’L) and C4R < %, Vmo,no > 2. (2.17)

From (2.17), it is enough to define ¢ := (2monoC3Cy)~". Then, by (2.16) we have that [[A(v)|y; < R.
Furthermore, for every u,v € Bg,

[A(v) = Aw)]

ve < Calluuy — UUE”LQ(O,T;HS*l(O,L))

< Ca([lullyz + lvllve)llu — vllv;

< ! ” ”
— |V — U||ys.
- no Yr

Therefore A is a contraction mapping on Bg and it has a unique fixed point w € Y% which is the solution

of [215). O

3 Carleman inequality

In this section we will prove the Carleman estimate given in Theorem To do this, we introduce
weight functions defined as follows. Let w be a nonempty open subset of (0, L) and ¢ a positive function
in [0, L] such that ¢ € C*([0, L]) and satisfies

¢(0) = ¢(L), ¢'(0) <0, ¢'(L) >0, [¢(0)]=l¢"(L)], (3.1)

¢" <0 in (0,L)\w. (3.2)
Then, we consider the weight functions

a(e.t) = 9. €0) =

a(t) == $r£g§]a(x7t), at) == xreI%(i)flL]a(%t)’ 24(t) < 3a(t).

(3.3)

Assume w := (€1, 42) C (0,L). Tt is easy to verify that ¢ defined as follows satisfies (3.1)) and (3.2):

(2) = ex® — 30122 —x+ 4 if xe€]l0,4],
PITZ —ead 4+ (14 3L+ Cy if z € [ly, L,

where C; =2¢L3+ L+ Cyand 0 <e <1 and Cy > 1.

Proof. Theorem[1.1] For an easier comprehension, we divide the proof in several steps:

Step 1. Decomposition of the solution. In this step, we decompose the solution ¢ of in order to
obtain L? regularity on the right-hand side of (L.8). In other words, let us introduce z and ¥, the
solutions of the following systems

—Zt — Rgaxx — V(t)zwz — Y2z = _<p0)t30 in Q7
2(0,t) = 2(L,t) =0 on (0,7), (3.4)
2:(0,t) = 2z, (L, t) on (0,7), ’
z(+,T)=0 in (0,L).

and .
_wt - wzww - V(t)www - ?wm = —pog m Q7
77/1(0’ t) = ¢(L7 t) =0 on (07 T), (3 5)
¥,(0,¢) = ¥, (L, t) on (0,7), ’
Y(,T)=0 in (0,L),

where po(t) = e~*%. By uniqueness for the linear KAVB equation, we have

pop =z + . (3.6)



The rest of the proof consists in making a Carleman inequality for the system (3.4), meanwhile, for the
system ((3.5) we will use the regularity result (2.14), namely

10172 0.1:8200,)) < Cllpogllzz(q)- (3.7)

Step 2. Change of variables and decomposition of a special operator. In this step, we consider the
differential operator satisfied by a new variable w, which will be z up to a weight function. More precisely,
let w = e **zand G = e~ **(—(po)tp+y2:). Then, if L is the operator defined by L := 0;+0,02+v(t)0rsr,
the identity e **L(e**w) = —G is equivalent to:

Liw+ Low = F

where
Liw = wi + Wepww + 352 () >w, (3.8)
Low = 3s(ay)Wes + 83 (az)3w + 35(Qpy )Wy ’
and
E@ =-G - Rs, (39)
with
R, = V(t)saxzw + Sow + SQppaW + 332amraxa:mw + s0W + Wy — V(t)(QsawaI — Waz — 8201311}).
Therefore,
||L1’w||%2 + ||L2U)||L2 +2<L1’LU L2w> = ||G+R HL2(Q)7 (310)

where (-, -) is the L?(Q) inner product. In the next step, we will estimate the terms that arise of the inner
product (Lijw, Lyw). This will give an inequality with global terms on the left—hand side, meanwhile the
local terms will appear on the right—hand side. Finally, after returning to the principal variable z, the
local terms will be estimate using bootstrap arguments based on the smoothing of the KdVB equation.
Step 3. First estimates. In this step, we develop the nine terms appearing in (Ljw, Low). Using
integration by parts, we have:

I = (Liw, Liw) = 3s // O Wi Wz dxdt

T
= —3s // AprWiwgdrdt + % // azt|wx|2dxdt+ 33/ amwzwt
Q Q 0

A

"2 = (Llw, L3w) = s // ag)dwowdrdt = ——// ) | w|dadt.

'3 = (Liw, L3w) = 3s // QpgWawidxdt

)dt.

—3s // QppWapWyrdrdt — 3s // QpWagwidadt + A (3.11)
Q Q

3
= ;//awt|ww|2dxdt—|—z4— !
Q

I*' = (L3w, Lyw) = 3s // Qg WaaWaypaedrdt

T
3s 3s =1 (312)
= —?//am|wm|2d:6dt—|— ?/(aﬂwmﬁh:o)dt.
Q 0

B
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1?2 .= (L2w, L3w) = 3 //(ozx)?’wwmx

Q

T
= 353 //(amam)wwmdxdt -3 //(ax)3w1wxxdxdt + 83/ wwm
Q Q 0
=353 //[(ozm)zam]xwwxdxdt + 353 //(ax)Qam|wx|2dxdt
Q Q

:j)dt

T (3.13)
=L s3
7333/((am)2am|w1|2‘ )dt+5//[(am)3]m|wz|2dxdt
=0
0
T T
53 3 a=L
-3 ((am) dt+ wwm O)dt
0 0 -
953
=5 (az)* e | Wy | “dadt — 7 [(a)? ) ae|w|*dzdt + C
Q Q
where
s T T : s T .
~ r= Tr= r=
C::?’i/([(a)%m]ﬂwﬂ dt7353/ )] )dtfs—/((az)3|wz|2 Jat
2 = =0 2 =0
0 0 0
T
=L
+33/ wwm O)dt
0 -
I*? .= (L2w, Liw) = 3s // Qg WaWapdrdt
Q
T
=L
= —3s // gz WeWepdrdt — 38 // am|wm|2d:ﬂdt+3s/ amwzwm )dt (3.14)
=0
Q Q 0
3
= —3s // ozm|wm|2dxdt+ ;// Oél.m|ww|2dxdt—|—D,
Q Q
where
T . 5 T .
Tr= S xT
D = 38/ OlgaWaWaa O)dt— 5 (amw\wm| 70)dt
0 0
= (L3w, Liw) = 953 //(ax)?’wzwmdxdt
Q
9 3 9 3 7 =L
‘i/ / () el ddt + =5 [ ()| _ )
24 2] #=0 (3.15)

e

T
2753 93
== //(ozx)Zozm|wx|2dxdt+ 7/((a1)3|w$|2
Q 0

E
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% .= (L3w, L3w) = 3s° //(ozz)‘%wwmd:rdt

Q
5 5 n =L

—i// (oz)?] \w|2dxdt+3%/((a )% |w|? O)dt

) a= (3.16)

158° 35 [ =L
_ 1 // )t 0] dxdt+i/ )dt.
2 =0
0
F

%3 = (L3w, Liw) = 9s° //(ax)gam|wx|2dxdt. (3.17)

Q

From (3.13)), (3.15) and (3.17) we have that

3s° A
P24 PP = —% //[(%)%M]mgﬂwﬁdmt +C+E.

Now, taking into account the first boundary condition of (3.4) and (3.2)), the term I®?2 can be
estimated as follows:

1
Cs® //§5|w| dzdt — Cs° // & w|?drdt < — 55° // (0tz ) v |w | dadt, (3.18)

wx(0,T)

for any s > C(L,w,T).
On the other hand, if 12’1 and 12’3 denote the first terms of (3.12)) and (3.14)), respectively, then

et = /¢mg|wm| dzdt > C's //§|wm| dxdt — C's // €| was | dxdt. (3.19)

wx(0,T)

for any s > C(L,w,T).
Now, putting together the first term of 1%2 (denoted by I:"?) as well as the first term of I3 (which
is denoted by If’l) and I33, we get
2+t + 138 =o.

However, from (3.18) and (3.19)) we also have (after integrating by parts and using Young’s inequality)

that
53 // &3 |w,|?dzdt < //(55§5|w|2 + 8&| W |*)dadt. (3.20)
Q Q
Thus, the first term of (3.11) as well as the second term of ([3.14) can be estimated by the left—hand
side of ([3.20)).

Then, putting together all the computations, we get the following inequality
// (20 |w|? + $3E3 we|? + s€|wey|ldadt + A+ B+C +D+E

(3.21)
<cf / ()% ] + stluwalddt + [ Gll3aq) + | Rulliaqy )
wx (0,T)
for any s > C'(L,w,T).
Observe that the last term on the right-hand side (3.21]) can be absorbed by the left-hand side for

s > C(L,w, T, ||v||g=(,r)). Furthermore, taking into account that G' = [—(po)t + Fzz]e™**, we can
estimate the term 3z, by considering the identity w, + sa,w = e~ %z, and the inequality

V222725 < Cslywg|* + Cs* (o) [yw|*.
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From (3.6)), (3.7) and the estimate |(po)s| < Cs&3/2|poi|, we readily have that there exists a positive
constant C' = C(L,w, T, |[V| L (o,1), 1Tl c(o,7;02(0,2))nL2(0,7;11 (0,L))) Such that

// [s°€%|w|? + 533wy |? + s€|wyy|Y]dedt + A+ B+C+D+E

<C // lg|?e 2% dxdt + // (56)°|w|* + s&|wee|? ]dmdt)

wx(0,T)

for any s > C.
Finally, using the weight functions defined in (3.1)) and (3.2)) we have the following estimates:
T

A=3s /[am(L, Hwy (L, t)w (L, t) — (0, t)w, (0, t)we(0,t)]dt = 0.
0

T
%/O‘x (L, t)|waz (L t)| x(O,t)|wm(O,t)|2]dt > 05/5(‘wxx(ovt)|2 + |wm(L7t)|2)dt~
0

T
G+ E= 4/[(aI(L,t))3\ww(L,t)|2 — (an(0, )3 |wa (0, H)2]dt > C° /§3\ww(L,t)\2dt.
0 0
and

T
D =3s /[azz (L7 t)wx (L7 t)wzz (L; t) — Qg (07 t)wib (07 t)wzz (0’ t)]dt
0
T
_%/mm@mwmm%ﬂm&m%@mmf
0

T
<Cs? / Elwa(L.D)%dt + C / (1020 (0, 8)% + [waa (L, 1))l

Therefore, at this moment we have the following inequality

T
[P+ el + sl Pldnd +5 [ &l (Eoofar
Q 0

T
+8/£(|wm(0,t)|2+ |wee (L, t)[*)dt (3.22)
0
lg|2e~ 2% dadt + $€)5|w|? + €| Was? ]d:z:dt)
// wX{S[F)

for any s > C.

Step 4. Local estimates. In this step, we turn back to our original function and use bootstrap arguments
as in [7] and [21] to estimate the local term associated to |wg,].
Recall that z = e**w. Then, a direct computation allow to obtain

2?6727 < C(s*€*|w]® + Jwa|?) (3.23)

and
|22z |?e 725 < C(s*¢Mw|? + 5% wo|* + |wea|?). (3.24)
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On the other hand,
[Wee|? < Ce™ 2% (s 2)? 4 5262|202 + |222]?))- (3.25)

From ([3.25) the local term given in (3.22)) can be written by

/ / [(5€)° |22 + 33 22 + 5€|200 [2]e= 2t (3.26)

wx(0,T)

In addition, the weight functions &, &, & and (3.22))—(3.26]) allow us to deduce the following inequality

/ / (965224663 2 2 + 56| 20e e drdt
Q

(3.27)
< C’(// lg|2e~ 2% dadt + // [s°€%|2)% + s3¢3| 2,2 + 8€|Zm|2]67255‘dzdt),

Q@ wx(0,T)
for any s > C.

Using that H'(w) = (H?(w), L*(w))2/3,2 and H?(w) = (H*(w), L*(w))1/3,2, the last two terms in the
right-hand side of (3.27)) can be upper bounded as follows:

T
s3 / |z, |2 dwdt < s3/g%*zséuzn‘;@i’;w)||z||§{§(w)dt
wx (0,T) 0

J1

and
T

s / €| 2pe |2dadt < s/ge*%d||z||§/§;w)|\z||§{§’(w)dt.
wx(0,T) 0

J2

Now, applying Young’s inequality
T T
Jy < 0(6)811/2/511/26—3sd+sd”2”%2(w)dt+6872/572672564”2”?{3(@&
0 0

and
T

T
I, < Ce)s° / £0—0saHIS| 12 gy | 3 / €360 5120 s
0 0

for any € > 0.
Putting together (3.27) and the previous estimates, we have

/ / (%) 2256 2 + 56| zae e dadt

<C'// 26723&d1’dt+059 // 9e—Osatdsd 1200 dt
> |9| ¢ | ‘ (3.28)

wx (0,T)
T T
+< [t + 57 | s—ﬁe—Qsdz||zS(w>dt),
0 0

for any s > C.
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Finally, in order to estimate the associated terms to ||z||§13(w), we will use a bootstrap argument based

on the smoothing effect of the KAVB equation. Let us star by defining Z := p(t)z with p(t) := s'/2€e=5¢
From ([3.4)), we see that Z is the solution of the system

_(gt _) 21’1::6(_ V)(t) ~a::r: - ggz = ﬁ(ﬂo)t@ - pNtZ in (Qa )
zZ(0,t) = 2(L,t) =0 on (0,7),
20(0,8) = (L.t on (0.T), (3:29)
2, T) =0 in (0,L)

Taking into account the estimates |p;| < Cs3/26%/2e75% |(pg)s| < Cs£3/2e=*% and the regularity result

(2.14), we can deduce that

3/255/2675

H5H%2(0,T;H2(Q)) < C(”S dZH%Z(Q) + ”83/255/26728&@”%2(@))' (3.30)

The fact that s3/2¢5/2¢=5% is bounded allows us to use (3.7) and conclude that ||2||%2(0,T;H2(Q)) is
bounded by the left-hand side of (3.28]) and HpogH%z(Q). Now, we define

2:=p(t)z with p(t) = s~ /272754,
It is easy to see that Z is the solution of ([3.29) with p replaced by p. Besides, from ([2.14) we get

2s&

121220,y < C (N8 26022 0.ty + 1526 sonia(o,T;Hl(m)). (3.31)

Arguing as before HzHL2 0 3 (0)) 18 bounded by the left-hand side of (| and [|pog||32

Q)"
By combining (3.2 , 3.30) and ([3.31]), we obtain in particular

/ / [5€% 22+ 5% 2 2 + ) 2 e dadt + |5~ Y26 265022 1

2 2sad£17dt+ S // 9 —6sa+4sa 2 2d$dt
/ [ 192 & [ dadt) 52

wx (0,T)

5(32/52625d|zzs(w)dt+s3/53625d||2”§13(w)dt>’
J 0

for any ¢ > 0. For ¢ small enough, the last two terms in the right-hand side of (3.32)) can be absorbed
by the left—-hand side. By returning to the variable ¢ the proof of Theorem is ended. O

4  Null controllability of the linearized system

In this section we will prove the null controllability for the system (1.7)) with a right-hand side
which decays exponentially to zero when ¢ goes to T' [I6]. In other words, we would like to find v €
L2(0,T; L*(Q)) such that the solution of

Yt + Yoaa — V(t)ymc + Yo +y¥, = h +vluxor in Q,
y(0,6) = y(L.1) = on (0,7), "
Y2(0,1) = yo (L ,t) on (0,7), :
y(+,0) = yo(") in (0,L),
satisfies

where the function h is in an appropriate weighted space. Before proving this results, we establish a
Carleman inequality with weight functions not vanishing in ¢ = 0. To do this, let £(t) € C*([0,T]) be a
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positive function in [0, T') such that £(t) = T?/4 for all t € [0,T/4] and £(t) = t(T —t) for all t € [T/2,T].
We introduce the following weight functions:
1
Blat) = (0, 70 =
(4.3)

*(
B(t) = max f((z,t), 3(t) = min B(x,1).

z€[0,L] z€[0,L]

Lemma 4.1. There exist positive constants s, C with C' depending on s, ||v|| Lo 0,1y, w, T such that every

solution of (|L.8]) verifies

//[T5|90|2+T3|<p75|2 + 7lpua|?e” P dwdt + [|9(0) 1220,z

o (4.4)
< C / lg|%e ~25Brdt + // 796765ﬁ+25ﬁ|¢\2dzdt).
wx (0,7
Proof. By construction o = § and 7 = ¢ in [0, L] x (T/2,T), so that
T L T L
/ / (21l + € 1pal + Elipaa|*]e ™ dudt = / / [Pl + 7 1u* + Tlpusl*le P dadt.
T/2 0 T/2 0
As consequence of Theorem [I.I] we have the estimate
[ [516P 4 2leul? + rlganlPle s
T/2 0
< C // ‘g|2 _QSad(Edt-l- // 59 —Gsa+2so¢|s0‘ dxdt)
wx(0,T)
Next, using that ¢(t) = t(T —t) for any t € [T/2,T] and
e 28 > and e 8FH28 > 0 [0,T/2],
we readily have
T L
Y R R P R
20 (4.5)

T/
<C // lg|%e ~258 g dt + // e 695+295|<p| dxdt)

wx (0,T)

On the other hand, by considering a function n € C1([0,T]) such that n =1 in [0,7/2] and n =0 in
[3T/4,T], we can prove that np satisfies the system

—(0@)t = NPazz — V()NPaz — TNz = —Ng —n'¢ n  Q,

(n9)(0,t) = (np)(L,t) = 0 on (0,7), (4.6)
(19)2(0,8) = (). (L, 1) on (0,7), '
(ne)(-,T) =0 in  (0,L).

Additionally, from classical energy estimates and regularity result with right-hand side in L?(Q) (see
(12.14]), we get

H@(O)H%%O,L) + ||80||2L2(0,T/2;L2(0,L)) < C<||g||2L2(0,3T/4;L2(0,L)) + ||§0||%2(T/2,3T/4;L2((O,L)))'
Taking into account that

Pe 28 > 0> 0, Vte [T/2,37/4 and e *F >0 >0, Vte[0,37/4],
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we have

T/2 L
(022 0,1, + / / [Pl + 7102 + Tliael2le P dadt
3T/4 L 3T/4 I, (4.7)
(/ /|g|2 256dmdt+ / /T e 455<p|2dxdt>
T/2 0
Putting together and we obtain the desired inequality . O

Now, we can prove the null controllability of system (4.1). The idea is to look a solution y in a
suitable weight functional space. To this end, we introduce the following space:

E ={(y,v): 683y S LQ(Q),'r*Q/Qe%stﬁvlw S LQ(Q),
e*Br73/2y € C([0,T); L2(0, L)) N L*(0, T; H'(0, L)),
625BT?5/2(yt + Yzzz — V(t)yxac +YYz + Yy, — vlw) € LQ(Ov T Hﬁl(oa L))}

Proposition 4.1. Consider yo € L?*(0,L) and e25B775/2p ¢ L?(Q). Then, there exists a function
v € L2(0,T; L*(w)) such that the associated solution (y,v) to (1)) satisfies (y,v) € E.
Furthermore, there exists a positive constant C such that

[0l L2(0.7522(w)) < ClllvollL2(0.) + 1Pl L2(@))- (4.8)

Proof. The proof follows some ideas [21I] and therefore we only give a sketch of the proof. Let us now
set
Po={p € C%@Q): 9(0,1) = p(L,t) = 0, ¢,(0,t) = ¢, (L,1), on (0,T)}

as well as the bilinear form

// —29B w)dxdt + // —6sf+2s8 gnpwdxdt Yw € Py

wx(0,T)
and the linear form .
(G,w) := // hwdzxdt + /yo(')w(',())d:c, (4.9)
Q 0
where L* is the adjoint operator of L, i.e.,
L*w = —w; — Wppy — QWgp — Wy,

Note that Carleman inequality (4.4]) holds for every w € Py, so that we have

// 7567453\w|2dxdt < Ca(w,w), Yw € Pp.

In consequence, it is very easy to prove that a(-,-) : Py x Py — R is a symmetric, definite positive bilinear
form on Py, so that, by defining P as the completion of Py for the form induced by a(-,-), it implies that
a(+,-) is well-defined, continuous and again definite positive on P. In addition, from Carleman inequality
and the hypothesis over the function h, i.e., €*#775/2h € L?(Q), the linear form w — (G, w) is
well defined and continuous on P. Hence, Lax—Milgram’s lemma allows us to guarantee the existence
and uniqueness of ¢ € P satisfying

a(@,w) = (G,w) ; Yw € P. (4.10)
Let us set
go=eLg in @, (4.11)
O = —e 0FF2B9% i w x (0,7),
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Observe that g verifies

a(p, @) = / / 281§ 2dxdt + / / e859=2582 2915 2dpdt < +oo. (4.12)
Q wx(0,T)

On the other hand, if v is replaced by ¢ in , we can introduce gy as the weak solution of .
It implies that ¢ is the unique solution of with v = ¥ defined by transposition (see Definition [2.1))
Then y = ¢ is the weak solution to (4.1)).

Finally, we must verify that (g,0) € E. Clarify, from we know that eSBg] € L?*(Q) and
T9/2¢35—sB4 ¢ L?(Q). Moreover, the second hypothesis of Proposition guarantees that

PTGy 4 Gaze — V(O)iiaa + Tie + 57, —0) € L2(Q).
Thus, we must just check that es#7=3/2j € C([0,T); L?(0, L)) N L2(0,T; H'(0,L)). To do this, we define
the functions A A
y* = ePr7%%5 and h* = eSﬁT*S/Q(h +0).

Observe that y* satisfies the system

yik + y;m:c - V(t)y;m + yy; + y*?$ =h*+ (68'87—_3/2);5]7 in Q,

y*(0,t) =y*(L,t) =0 on (0,7),
y; (07 t) = y;A(L’ t) on (Oa T)v
y*(-,0) = X O77372(0)go () i (0,L),

Since e*’h € L*(Q) and 28 < 30 (see eq. (3:3)), we obtain that h* + (e*773/2),5 € L*Q), in
particular in L2(0,7; H=1(0,L)). Furthermore, for gy € L?(0,L), Proposition allows us to have
y* € C([0,T); L?(0,L)) N L?(0,T; H*(0, L)).

By considering ¢ defined in , the bilinear form and the identity , we can deduce
(.8). This concludes the sketch of the proof of Proposition 0O

5 Local exact controllability to trajectories

In this section we give the proof of Theorem through fixed point arguments. In order to apply
the results obtained in the previous sections we consider the following change of variable. Let us set
y — 7 =: z and use this equality in (1.2]), where 7 solves (|1.3). It is easy to verify that z satisfies

2t + Zggx — V(t)zzx + (Zy)a: + 2z, =vl, in Qv

2(0,t) = 2(L,t) =0 on (0,7),
Zﬂc(ovt) = Zﬂc(Lat) on (O,T), (51)
2(-,0) = yo — o in  (0,L).

observe that this changes reduce our problem to a local null controllability for the solution z of the
nonlinear problem (5.1)),i.e., we are looking a function control v such that z solution of (5.1)) satisfies

2(,T)=0 in (0,L). (5.2)

To do this, we will use the following inverse mapping theorem (see [I]).

Theorem 5.1. Suppose that By, Bs are Banach spaces and A : By — Bs is a continuously differentiable
map. We assume that for b € By,b9 € By the equality

A(bY) = b (5:3)

holds and A'(8?) : By — By is an epimorphism. Then there exists § > 0 such that for any by € By which
satisfies the condition ||b3 — ba||p, < & there exists a solution by € By of the equation

A(by) = bs.

18



In our framework, we use the above theorem with the spaces
By :=E and By := L*(e2%775/2(0,T); L*(0, L)) x L*(0, L)

and the operator A : By — By defined by A(z,v) := (2t + 2gae — V(t)22a + (27)x + 22, — v1y, 2(0)), for
all (z,v) € E.

In order to apply Theorem [5.1} it is necessary to prove that A is of class C1(By,Bs). We start by
assuming that 7 € C([0,7]; L?(0, L)) N L?(0,T; H'(0, L)). Observe that all terms in the definition of
A are linear (and consequently C), except for zz,. Thus, we will prove that the bilinear operator
((z1,01), (22,0?)) = 3(2'2%), is continuous from E x E to L?(e***775/2(0,T); L2(0, L)). In fact, notice
that

ePr=3/22 € C([0,T); L*(0, L)) N L2(0,T; HY(0, L)),  ¥(z,v) € E.

Then, we have

||625BT75/2(21

IN

T
a2 C/6256T’3H21('7t)IIim(o,L)ewT’gllzz(',t)H%n(o,L)
0

P D e 0,0y T2 C O o,
Ollz s, 12215,

IN

Now, observe that .A’(0,0) : By — By is given by
A'(0,0)(2,v) = (24 + 2002 — 0Zez + (27)z — v1y, 2(0))), V(z,v) € By.

However, the null controllability result proved in Proposition allows to deduce that the previous
functional is surjective.

Therefore, an application of Theorem [5.1] gives the existence of a positive number § such that, if
|2(0)[|z2(0,) < d, we can find a control v and an associated solution z to satisfying (5.2). This
finishes the proof of Theorem [1.2
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