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NULL CONTROLLABILITY OF THE STABILIZED
KURAMOTO-SIVASHINSKY SYSTEM
WITH ONE DISTRIBUTED CONTROL*

EDUARDO CERPAT, ALBERTO MERCADOT, AND ADEMIR F. PAZOTO?

Abstract. This paper presents a control problem for a one-dimensional nonlinear parabolic
system, which consists of a Kuramoto—Sivashinsky—-Korteweg de Vries equation coupled to a heat
equation. We address the problem of controllability by means of a control supported in an interior
open subset of the domain and acting on one equation only. The local null-controllability of the
system is proved. The proof is based on a Carleman estimate for the linearized system around the
origin. A local inversion theorem is applied to get the result for the nonlinear system.
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1. Introduction. Over the last years, a lot of attention has been paid to the
controllability of coupled systems of PDE’s, which is in general harder to obtain
than the controllability of single equations. When dealing with systems, unexpected
phenomena may occur. For instance, some linear parabolic systems are controllable
only if the control time is large enough; see [6]. This condition never appears for
parabolic linear single equations.

As stated in the survey [4], the study of null controllability for systems of parabolic
equations is rather recent. In the case of internal control of coupled reaction-diffusion
equations, the articles [2, 3, 20, 26] deal with zeroth order couplings by using a Car-
leman estimates approach. In [14], a system of two heat equations coupled through a
cubic nonlinear term is studied. They use the return method and a Carleman estimate
to prove null controllability.

Concerning boundary control, there are few results for this kind of system. Some
coupled one-dimensional heat equations have been considered in [18, 5, 27, 7] by
applying the moment method and proving the existence of an appropriate biorthog-
onal family of L?-functions. See also [10], where the approximate controllability of a
one-dimensional system is studied.

The efforts of the control community have been oriented to prove control prop-
erties when there are fewer controls than equations. In this paper, we are interested
in a nonlinear parabolic system formed by two PDEs and where we directly con-
trol only one of them. This parabolic system models front propagation in reaction-
diffusion phenomena and combines dissipative with dispersive features and simul-
taneously supports stable solitary-pulse. The system consists of a one-dimensional
Kuramoto—Sivashinsky—Korteweg de Vries (KS-KdV) equation, linearly coupled to
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an extra dissipative equation, and was proposed in [23] under the name of the stabi-
lized Kuramoto—Sivashinsky system. (See also [9] for the single KS-KdV equation.)
The model has the form

(1 1) Ut + YUggzr T Uzzz + QUgy + UUy = Vg,
’ vy — D0ge + U = Uy,

where 7y, a are coefficients accounting for the long-wave instability and the short-wave
dissipation, respectively, I' > 0 is the dissipative parameter, and c is the group-velocity
mismatch between wave modes. Notice that the coupling is through first order terms,
which is harder to deal with than zeroth order couplings. The null controllability of
this system has been studied in [13] in the case where both equations are controlled
from the boundary.

In this work, we are interested in the null controllability property of system (1.1)
posed on the bounded interval [0,1] with homogeneous boundary conditions, initial
data ug, vg, and a control A acting in an open subset w C (0,1). Thus, denoting the
characteristic function on w by 1, we can write the considered system as

ur + YUzzzx + Ugzer + AUgy + UUy = Vg + hlwa (xa t) (O 1) (O T),
—Tvgg + cvp = Uy, ({E,t) € ( ) X (07T)7
(12) u(0,t) =0, wu(l,t)=0, t e (0,7),
' uz(0,1) =0,  wg(l,t) =0, te (0,7,
v(0,t) =0, wv(1,t) =0, te (0,7),
u(z,0) = uo(x), wv(x,0)=uve(x), xz € (0,1).
Here, we assume that
(1.3) a,v, and I' are positive constants while ¢ may have any sign.

We address the problem of steering the solutions of system (1.2) to the rest. More
precisely, given T' > 0 and an appropriate space X, we say that system (1.2) is null
controllable if for any initial condition (ug,vg) € X, there exists an internal control h
such that the solution of (1.2) satisfies u(T),-) = v(T,-) = 0. We say that the local null
controllability holds if we can find a control as above whenever ||(ug,vo)||x is small
enough. In this paper, we will prove this last property for system (1.2).

Let us take a look at each equation separately. The boundary null controllability
for the one-dimensional heat equation was proved in [15] by Fattorini and Russell,
using the moment method. The null-controllability of the heat equation in higher
dimensions and with distributed controls is due to Lebeau and Robbiano [22] and
Fursikov and Imanuvilov [19]. Concerning the fourth order equation, recently the null
controllability has been proved in [12] (see also [11]) with boundary controls and in
[28] with a distributed control.

In this paper, we first obtain an observability inequality for the linearized system
using global Carleman estimates. Then we apply an inverse function theorem for the
nonlinear system in order to get the following theorem.

THEOREM 1.1. Let T > 0 and w any nonempty open subset of (0,1). There exists
§ > 0 such that for any (ug,vo) € H=2(0,1) x H~1(0,1) with

lwoll zr-2(0,1) + [lvoll zr-1(0,1) < 6,
we can find a control h € L?(0,T; L?(w)) such that the corresponding solution
(u,v) € C([0,T], H~2(0,1) x H~*(0,1)) N L?(0,T; L*(0,1) x L?(0,1))
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of (1.2) satisfies

Let us notice that in system (1.2), the coupling occurs by means of first order
terms as in [8], where a parabolic system was studied. In that work, the authors asked
the control region w to touch the boundary of the domain. Here in our paper, in order
to consider a control region that is far from the boundary of the domain, we follow
[21], where the author studies a parabolic system with a second order coupling.

An outline of the paper follows. In section 2, well-posedness results are stated for
the considered systems. The proof of Theorem 1.1 is given in section 3. The linearized
system is studied in section 3.1 by using a Carleman estimates approach. The final
result for the nonlinear system is obtained by means of a local inversion theorem in
section 3.2.

Remark 1.2. The control of some generalizations of the stabilized Kuramoto—
Sivashinsky system to the two-dimensional case may be considered in the future.
Instead of considering the KdV equation with the extra bi-Laplacian term in one
dimension, we can replace the KdV equation by a Zakharov-Kuznetsov equation as
in [24] or a Kadomtsev—Petviashvili equation as in [25].

2. Well-posedness. This section is devoted to the proof of well-posedness re-
sults for the equations that we are concerned with in this paper. We state results for
both linear and nonlinear systems. Let us introduce, for m, s € Z, the notation

X™Y*®):=X"(0,T;Y°(0,1)), C(Y*):=C(0,T],Y*0,1)),

where X", Y? typically stands for some Sobolev spaces.
We consider the linear system given by

Ut + Vgzre + Uzzs + QUzz = Vg + f1,  (2,1) € (0,1) x (0,7T),

vt = Dogg + CUp = g + fo, (z,t) € (0,1) x (0,T),
2.1) u(0,t) =0, wu(l,t)=0, te(0,7),

uy(0,8) =0, wu.(1,t) =0, te(0,7),

v(0,t) =0, wv(1,t) =0, te(0,7),

u(z,0) =uo(z), v(z,0)=wv(x), x € (0,1),

and its adjoint system, which reads as

— 0t + YPrraz + OPre — Praz = —Vu + g1, (xa t) € (Oa 1) X (Oa T)a
t) € (0,1 0,7

_¢t_F¢zz_Cwm:_@z + 92, (xa ) )X( ) )a
(2.2) »(0,t) =0, (1,t) =0, te(0,7),
' 0:(0,8) =0, p(1,t) =0, te (0,7),
$(0,8) =0, ¥(1,t) =0, te(0,7),
oz, T)=or, VY(x,T)=1r, x € (0,1).

In this section, we prove the well-posedness of these two systems in their respective
spaces.

2.1. Adjoint linear system.
PROPOSITION 2.1. Let G denote either L?(0,T; L*(0,1))% or L'(0,T; HZ(0,1) x
H}(0,1)). For each (pr,vr) € HZ(0,1) x HE(0,1) and (g1, 92) € G, system (2.2) has
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a unique solution (p,v) € C(H2 x H}) N L?(H* x H?). Moreover, there exists C > 0
such that

(23) e ) lowmmnzaam ) < C{I@r 6n) g + 191, 02) e -

Proof. Let us perform the change of variable ¢ — T —t in (2.2) in order to have a
time-forward system. Considering regular enough data, we multiply the equation on
© by @rzar and integrate on (0,1). We obtain, for any € > 0, that

2dt/|w|x+7/|w s
1
0 0 0

From Ehrling’s lemma, we get that

1 1 1
0 0 0

From (2.4) and (2.5), we have

d ! 1 1 1
(2.6) %/ |</’rr|2 da:—|—/ |<Prrrr|2d$ < C/ (|‘Pzz|2 + |¢z|2) d$—|—/ 91 Przzadr.
0 0 0 0

Let us multiply the equation on % by 1., and integrate on (0,1). We obtain, for
any € > 0, that

2 2 <
2dt/ | dx+I‘/ (a2 d a/ (e 2 d
1
O [ (el 4 16a) + [ gune
0 0

and then
d 1 1 1 1
en 5[ Pt [l <o [ (wl leP) ¢ [ gbede
0 0 0 0

Denoting E(t fo (|pzz|* + |12[?), from (2.6) and (2.7) we get

1

d 1 1
(28) LE()+ / (@rsasl? + [62s) do < CE® + [ g1pansade+ [ goiade.
0

0
Let us first obtain the estimate corresponding to (g1,¢92) € L*(0,T; H3(0,1) x
H(0,1)). From (2.8), we have

1

d

29) GO+ [ (orsasl +10l?) do < CE)+ |

1
(gl)ww@wwdfv"‘/ (92)2¥edz,
0

and then Gronwall’s lemma implies that

sup E(t) < C ( / (01 eepnda + / 1<g2>zwmdx) ,

te[0,T]
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and therefore

(2.10) H(‘Pa"/’)HL”(O,T;HSXH(}(O,I)) < CH(gla92)HLl(O,T;Hg(OJ)xHé(O,l))'
Integrating (2.9) in [0, 7] and taking into account estimate (2.10), we get that

(2.11) (0, %) HL2(O,T;H4 xH2(0,1)) < Cll(g1,92) HLl(O,T;Hg(O,l) x HE(0,1))"

In order to consider the case (g1,92) € L*(0,T;L?(0,1))?, we use the Cauchy—
Schwarz estimate in the last two integrals in (2.8), and we obtain

d 1

1 1 1
212) B+ [ (areal +10al?) de < CEO + 5 [ (1P + lgal?) do
0 0

By using again Gronwall inequality and proceeding as before, we get

(2.13)  [I(os V)l 220,72 x 2 (0,1)) Lo (0,73 H2 x HE (0,1))
< Cll(g1592)|l2(0,1522(0,1) x £2(0,1))

Once we get the regularity ¢ € L2(0,T; H*(0,1)) and v € L*(0,T; H*(0,1)), we
can use the equations to obtain ¢, € L%(0,T;L?(0,1)) and ¢, € L?(0,7T;L*(0,1)).
Thus, by the classical properties of these spaces, we conclude (p, 1) € C([0,T], H3(0,1)x
Hi(0.1)).

To recover the same spaces when the data is less regular, we use density arguments
and estimate (2.13). o

2.2. Direct linear system. Using the well-posedness result for the adjoint sys-
tem, we will study solutions of the direct linear system in the sense of transposition.

DEFINITION 2.2. Let ug € H=%(0,1), vo € H71(0,1), f1 € L*(W~b1), and
fo € LA(H™Y). A solution of the system (2.1) is a couple (u,v) € L?(L*)? such that
for any g1, g2 € L*(L?),

T T 1
(2.14) /0 /0 u(z, t)g1 (z,t) +/0 /0 v(x,t)g2(z,1)
= (uo, ¢(+,0)) g2 gz + (vo,¥(,0)) -1 w1

+ (f1. @) Lr(w-11), Los(wioe) + (f2s ) L2y, L2 (2
where (p, ) is the solution of

— @t + VPrzar + 0Pre — Przx = —Vz + g1, (x,t) € (0,1) x (0,7,

_djt - waw - cdjm = — Yz +g2a (l’,t) S (07 1) X (OaT)a
(2.15) 0(0,t) =0, (1,t) =0, te (0,7),
’ 0 (0,1) =0, .(1,t) =0, t e (0,7),
¥(0,t) =0, (1,t) =0, te (0,7),
o(z, T) =0, ¢(z,T)=0, z € (0,1).

Remark 2.3. As usual, (-, ) x,y stands for the duality product between two spaces
X and Y.

The next theorem establishes the existence and uniqueness of solutions for system
(2.1).

THEOREM 2.4. Let ug € H=2(0,1), vo € H71(0,1), f1 € L*(W=11), and fs €
L?(H=1Y). There exists a unique solution (u,v) € C(H 2 x H-Y)NL*(L?)? of system
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(2.1). Moreover, there exists C > 0 such that

(2.16) ”(uv'U)”C(H*2><H*1)OL2(L2)2

< C{Ifillaow-sy + I Fellizrs) + o, o) lir-2x -1 }-
Proof. For each (g1, g2) € L?(0,T; L?(0,1)), we define

(2.17)  L(g1,92) = (w0, (-, 0)) -2 gz + (v, ¥ (-, 0)) -1 m1
+ (f1, P)pr(w-r1) Lo (wiee) + (f2, V) L2 (1), L2(H2)

where (p,1) is the solution of (2.15). From Proposition 2.1, L defines a continuous
linear functional from L?(0,T; L?(0,1))? to R. Then from the Riesz representation
theorem, we obtain the existence and uniqueness of (u,v) € L?(0,T; L?(0,1))? satis-
fying (2.14). Moreover, still from Riesz and from Proposition 2.1, we get

(2.18) | (w, )| L2(0,7522(0,1))

= ILll £(z2(0,7:L2(0,1))2;R)

< C{ il awry + I felliaa-s) + N, o) a2+ }.

From Proposition 2.1 we also have that (g1, g2) € L'(0,T; H3(0,1) x H}(0,1))
L(g1, g2) given by (2.17) defines a continuous linear functional from L*(0,7; HZ(0,1) x
H}(0,1)) to R. Hence, we get that (u,v) € L°(0,T; H=2(0,1) x H~1(0,1)) and

(2.19) | (w, )| Loo (0,75 5-2(0,1) x =1 (0,1))

= ||L|| £(Loo (0,7 H~2(0,1) x H~1(0,1));R)

< O{IAillaqws) + 1 fll o) + (o, vo) -2 .

Standard density arguments, starting with more regular data, allow us to get
the regularity C([0,7], H2(0,1) x H=1(0,1)) for the solution (u,v). The key step is
the following. With more regular data, we can use the equation to imply that u; €
L2*(0,T; H=*(0,1)) and v; € L*(0,T; H=%(0,1)). Using that u € L*(0,T;L?*(0,1))
and v € L%(0,T; L?(0,1)), we conclude, by classical properties of theses spaces, that
(u,v) € C([0,T), H2(0,1) x H=1(0,1)). To recover the same spaces when the data
is less regular, we use density arguments and (2.19).

From (2.18) and (2.19), we obtain (2.16), which ends the proof of Theo-
rem 2.4. |

2.3. Nonlinear system.
THEOREM 2.5. There exists a positive real number r such that for any uy €
H=2(0,1), vo € H~(0,1), and h € L?(0,T; L*(w)) satisfying

(2.20) max{|[uol| -2, [[voll -1 [Pl 2Ly} <7
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the nonlinear equation (1.2) has a unique solution (u,v) € L?(0,T; L?(0,1))%. More-

over, (u,v) € C([0,T], H=2(0,1) x H=(0,1)).
Proof. Let us consider ug, vg and r > 0 to be chosen later. We define the map

(2.21) I:¢e L*0,T;L*0,1)) — u € L*(0,T; L*(0,1)),

where (u,v) is the solution of

Ut + VUgzgr + Upzr + QUge = Uy — Ly + R, (x,t) € (0,1) x (0,7,

v — DUgy + CUp = Uy, (x,t) € (0,1) x (0,7,
(2.22) u(0,t) =0, wu(l,t)=0, te(0,7),

ug(0,2) =0, wug(l,t) =0, te(0,7),

v(0,t) =0, wv(1,t) =0, te(0,7),

u(z,0) =wuo(x), v(x,0)=wv(x), z € (0,1).

Let us notice that @ is a fixed point of the map II if and only if the corresponding
(,0) is a solution of the nonlinear control system (1.2).
From Theorem 2.4 and the fact that

1 1
|‘£€wHL1(W—1v1) = 5 ||(£2)‘T||L1(W*111) < 5”2”%2(L2)’
we get
) ey < O (loll -0, + leoll -0 + Al gz + 103z )-

For each R > 0, let us denote by B(0, R) the closed ball in L?(0,T; L?(0,1)) of
radius R and that is centered at the origin. We see that if » > 0 and R > 0 are
chosen such that C(r + R?) < R, we obtain that II| 5o,y C B(0,R). Let us verify
that we can choose R such that II is a contraction. Let £ and ¢ be two elements in
L?(0,T; L?(0,1))2, and we denote by (u,v) and (&, ) the corresponding solutions of
system (2.22).

The couple (u,v) given by & = 4 — u and © = ¥ — v is the solution of

Ut + Ylgpas + Uppr + Qlgy = Oy + 0y — Uy, (x,t) € (0,1) x (0,7T),
Oy — DUpy + ey = g, (z,t) € (0,1) x (0,7,
@(0,t) =0, a(l,t) =0, te (0,7),
2(0,8) =0, a(1,¢) =0, te (0,7),
8(0,¢) =0, o(1,¢) =0, te(0,7),
a(z,0) =0, (z,0)=0, z € (0,1).

From Theorem 2.4, we get

ITH(E) ~ 11O 2 2y = il 2zy < O L — Lall v
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By using that

_ 1 - 1 - _
14 — o) Lrqw-11) = §||€2 — By < I+ 2ol = ey,

we obtain
[ITL(6) — TL()|| 22y < CR||C — €]l 12(12),

and therefore the map II is a contraction if CR < 1. By applying the Banach fixed
point theorem, we conclude that II has a unique fixed point u in L?(0,7; L?(0,1)).
Now, once we have (u, v) as the solution of (1.2), we see that (u,v) satisfies (2.1) with
source terms f; = —uu, € L*(0,7;W~5(0,1)) and f» = 0. We apply Theorem 2.4,
and we get the extra regularity (u,v) € C([0,T], H=2(0,1) x H=*(0,1)). 0

3. Null controllability.

3.1. Linear control system. In this section, we study the null controllability
of the linear system

Ut + VUgzzs + Uszz + QUze = vz + f1 + hle, (2,
vr — Dogg + cvp = ug + fo, (z,
u(0,t) =0, wu(l,t)=0, t
ug(0,8) =0, wu.(l,t)=0, t
v(0,t) =0, wv(1,t) =0, t
u(z,0) =wuo(x), v(x,0)=wv(x), x

) < (
) < (

T)a
T)a

t) € (0,1) x (0,
t) € (0,1) x (0,

)

(3.1)

e (0, T
e (0, T
e (0, T
€ 1

( )

Let us take a well-posedness framework (U, X1, X»,Y, Z) for this system. By this,
we mean that given h € U, (f1, f2) €Y =Y; X Y3, up € X; and vy € Xo, there exists
a unique (u,v) € Z = Z1 X Zs solution of (3.1).

This system is said to be null controllable if for any state uy € X1, vg € Xo
and for any (f1, f2) € Y1 x Y3, one can find a control h € U such that the solution
(u,v) of (3.1) satisfies u(T") = v(T) = 0. It is a well-known fact that by duality, this
null-controllability property is equivalent to the existence of a constant C' > 0 such
that

(3-2) (e, )l

U~)

for every pr € X7, vr € Xj, and g € Z*, where * stands for dual space and
(¢, 1) is the solution of the adjoint linear system (2.2). Inequality (3.2) is called an
observability inequality for system (2.2).

Carleman estimates for the heat equation are well known (see, [19] for example).
In this section, we prove a modified Carleman estimate, following [21], for system
(2.2). This estimate will be very useful to deal with the first order coupling terms
in our system. Then, we use it in order to prove the observability inequality (3.2)
within an appropriate well-posedness framework. Thus, we get the null-controllability
of system (3.1).

v+ + le(0,2)|lx: + 190, 2)|lx; < C(lI(g1,92)l| 2= + |l

*
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We shall use an abbreviated notation for the derivatives and integrals. We write,
k
for k integer, wy, instead of gT"fj and [ instead of fOT fol, avoiding the symbols dzdt
in the last case.
We take a function 8 € C3([0,1]) satisfying

(3.3) B(z) >0 Ve e (0,1), B0)=51)=0
and
(3.4) |8'(z)] > 6 >0V e|0,1]\w for some & > 0.

Let us recall that (3.3) and (3.4) imply that
(3.5) 8(0) > 0 and /(1) < 0.
Following [21], for some positive constants k, A and m € N, we define

HF N Blloe _ oA (KBl oo +B(a) AEI Bl oo +B(x))

(3.6)  am(z,t)= (T — 1) and & (x,t) = (T — )

In what follows, we use the estimates
} (6—25am£1qn)w} < Cs)\é-m (e—Qsoszgn)’ }(e—Qsamggn)t‘ < C’sfr(,}f#) (Q_QSamfgn),

which can be easily verified for any integer ¢ > 0, and where C' denotes a positive
constant.

THEOREM 3.1. Let oy, and &, be defined in (3.6) with m > 3, k > m, and
satisfying hypothesis (3.3) and (3.4).

Then, there exist \g, sg > 0 such that

(3.7) N [[ermmglomlt o sxt [ [ e2onngs

< Cs\? / / e 2 omer [Ly? 4+ CsA? / / e 2som el | Ly |?

+83)\4 // 672samgfn|ww|2

for every s > sg, A > Ao, and ¢ € L*(0,T; H3(0,1) N H}(0,1)) N HY(0,T; H(0,1)),
where L = —0; — T'02 — ¢0,.

We follow ideas introduced in [21, Lemmas 6 and 7]. (See also Theorem 1 in [17].)
Let us define

3.8 * () = (T, t d & ()= min &n(z,t).
(3.8) ay, (1) R (z,t) and &, (1) zgl[g){ll]f (z,t)

We will use the following result proved in [21].
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LEMMA 3.2 (Lemma 6 in [21]). Letug € L?*(0,1) and f € L?(0,T; L?(0, )) Then
there exists a constant C' = C(w) > 0 such that each solution uw € L*(H) N L>(L?)
of

{ —u; —Au=f in(0,1) x (0,7),

Ulp=1 = up in (0,1)

satisfies

sA? //e_Qso‘mfm|Vu|2dxdt+ s3I\ //e_zso‘mfgl|u|2dxdt
< c( 34 // e 2soam g3 1y dxdt+// —2sam | f12dadt
wx(0,T)

ou

—i—s/\/o e 25 (1) S (L) Ou

Cdh— o / 20 (1280
; on

9

for any X > C and s > C(T*™ + T?™~1).
Proof of Theorem 3.1. We apply Lemma 3.2 to function 1,. We obtain

R T e | A
<c [[emamipuf v oxt [[ ememgpp v [[ g vl
w >

where we use the notation

//Ef(x,t)Z/OTf(l,t)dt—/OTf(Ojt)dt

We will find an estimate for the boundary term on the right-hand side of (3.9).
For m > 3, we consider r € (3, 3) satisfying
r—1
3—r
and take 6 € (0, 1) such that r = 6+ 3(1 — ). Using trace and interpolation theorems
for Sobolev spaces, we have

(3.11) sA//Ze‘zs‘*;ﬁi;lwzzlz

T
< Cs/\/ efzsa"‘f:ﬁnHMﬁ{T(o,l)

(3.10) m >

< CsA Zsamf (H‘/’HHl 0,1 ||¢HH3(0 1))
T

—2sa, * — —0
= O\ / e 2% (53, ) 1131 0,1 (50) Il 353 00

| /\

15 / —250 % (€5 2|11 0.1, + C5”A / 250 (€ P s 0
1 —2sa =250y, (¢*
< X // gl O [ e 6 P
0

where p = —111309 = _3:_—17.

A
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Let us define g(t) = $3 7w Ae”5%m (ﬁj‘n)%_% and ¥* = g1p. Then Ly* = g'yp+gLi,
and from (3.10) we directly obtain that

T
(3.12) 3\ / =25 (€2 )P0 s 0.1y < OO 2.

By parabolic regularity for the differential operator L and Poincaré inequality for v,
we get

16" 172 ey < CILY* 1221
< Cllg'"ballZz(r2y + ClLYNT 2o

(3.13) < 353/\4 // e 25m g3 |y 12 1 Os A2 // e~ 25am g2 | Ly2
+ COs\? // e 2some2 | Lap,|?.

From (3.9), (3.11), (3.12), and (3.13), we get (3.7). Theorem 3.1 is proved. 0
We also need the following Carleman estimate for the fourth order operator.
THEOREM 3.3. For oy, and &, defined in (3.6), and 8 satisfying hypothesis (3.3)
and (3.4), there exist A1, s1 > 0 such that

314 71//5 1 72sam|(p |2+S)\2//§m€72sam|g0 |2+83A4//53 2so¢m|(p2 |2
—|—S5/\6 //g;")ne—Qsamkple +S7)\8 //g;e_zsamkPlQ
< O(//e—Qsam|P(p|2+87A8 // g;e—zsam|<p|2)

for every s > s1, A > A1, and ¢ € L*(0,T; H*(0,1) N HZ(0,1)) N H(0,T; L?(0,1)),
where P = —0; + 0% — 02 + ad? — 0.

Proof. A similar estimate was proved in [28]. For the sake of completeness, we
give the proof in the appendix. d

Let us give a brief idea of the proof of our Carleman estimate. Recall that if (¢, ¥)
is a solution, then Pp = —1, + ¢g1 and LY = —p, + g2. We apply the Carleman
estimates (3.7) and (3.14) (with the same weight functions) to the corresponding
equations in the system, and we add both estimates. Taking s and A large enough,
the integrals involving the coupling terms v, and ¢, are absorbed by the left-hand
side of the inequality. Moreover, we prove that we can eliminate one of the two
observations, getting the following result.

THEOREM 3.4. Let oy, and &, be defined in (3.6). There exist Ao, s2 > 0 such
that

(315)8/\2 //e—Zsamgm|¢2m|2+53)\4 //e—Zsam€§n|¢z|2+8—1/ 5;116_25&7”|‘P4m|2
—|—S)\2 //5m672sam|(pgr|2 +53)\4/ 621672sam|<p2z|2
+85/\6 //521672sam|(pw|2 +S7)\8/ g;ef2sam|(pl2

S 0839/\40 / 6733672sam|(p|2
w

40 [[ e (EXG P + SNl + 53 (92)a )
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for every s > sa, A > Ao, (or,¢r) € HZ x HE, and g1 € L?(0,T;L?(0,1)),g2 €

L?(0,T; H%(0,1)), where (p,1) is the solution of (2.2).
Proof. For the sake of clarity, we split the proof in different steps.
Step 1 (adding up Carleman estimates): Let us take wy an open set such that

@o C w. From Theorems 3.1 and 3.3 applied in wy for solutions of system (2.2), we

have that

(3.16) sA? //e‘zsam€m|¢2m|2 + 204 // e 25omE3 |1, )?

+s‘1//€;16_QSQMIs&4ml2 +SA2/ [ [
+53A4 ‘/\/f?neizsam|(p2m|2 +S5)\6 //5216*2Sam|g0r|2
b [[ e
< C'(s/\2 // e 2mE | — o + gl + A2 // e 2same2 | oo+ (g2)z)?
+53)\4 // ef2sam€73n|¢z|2 +//e*280nz| _¢z +g1|2
wo
w3 [[ geemior)
wo

Step 2 (absorbing coupling terms): It is easy to see that for any £ > 0, we have

sA2 //672”m€31|%|2 < s\ //6*25“m€§1|%|2a
s\ // e 250mE2 |9, |* < es®A? // e 25 m S |pag|?

and

//672sam|¢w|2 S 683/\4 //672sam|¢w|2

for s and A large enough (depending on ). Then from (3.16), we get

(317) 8A2//672sam€m|¢2w|2 + 83)\4/‘/672samggn|ww|2 + 871//5;11672sam|804w|2
+5\? / / Eme™ 20 || + 87X / Eme ™2 |02z
+S5)\6 //f?ne_Qmm|<Pz|2 +S7)\8 //g;e—Zsam“OlQ
oo [[ermgmp + o [[ o).
+83A4 // e—Qsamgfn|ww|2 +//6—25am|g1|2
wo

+S7/\8/ g;e—Qsam|<p|2).
wo
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Step 3 (observations of ¢ only): We will prove now that the observation of ¥,
on the right-hand side of (3.16) can be eliminated. Let w; be an open set such that
wy CC w1 CC w, and take a function n € C§°(w1) such that n = 1 in wy. We have

as) st [[ gy
wo

<& // ne 25 mES (1 — VPaz — P20 + P30 + 1) = 11 + I,
w1

where
(3.19) L =5\ // ne” 2 0m e b (pr — Tpar)
w1
and
(3.20) I = s3)\* // ne”0m e by (—ypar + (L — a)pas + @30 + 91).
w1

Claim 1. For any ¢ > 0, there exists C; > 0 such that
(3:21) |I] < es®2* //e—mmgfnw? 1 esh? //e—mmgmwm?

—|—C€ (87/\8 // e—25am§77n|<p|2 +S5)\6 // e—25am€?n|(pz|2
w1 w1
it [ g ).
w1

Indeed, integrating by parts, we obtain

(3.22) I = s\ // ne2o0men By (—by — Dibag ) + R,
where

23 R=-s¥ [ e g+ X [ [ D) b,
w1 w1
— s\ // F(ne_Qsamgi)z¢2r<P-
w1
Integrating by parts in (3.22) and using system (2.2), we get that

(324) Il = —83)\4 // (n€72sanlé-73n)w(c¢w — Pz + 92)(00

_ 53)\4 // ne—Qsamgfn(er — g +92)§0r + R.
w1
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From the Cauchy—-Schwarz inequality, we can deduce that

(3.25) |I| < es®A? //e—zsamﬁilxbﬂhcasw // e 2samed |2
w1

+ .30\ // e Zsamed 15 12 4+ O3\ // e~ 2samed 10512 + |R).
w1 w1

Again from the Cauchy—Schwarz inequality in the definition of R, and using that
m > 3, we get

(3.26) |R| < 883)\4 // e—2sam€§n|¢m|2 +ES/\2 // 6728am§m|¢2m|2

—I—CES7)\8 // e—25am€77n|(p|2 4 0555)\6 // e—25am€;5n|(pz|2.
w1 w1

From (3.25) and (3.26), we get (3.21), i.e., Claim 1 holds.
Claim 2. For any ¢ > 0, there exists C; > 0 such that

(3'27) |I2| < 883)\4 //672sam€%|¢1|2 +ES/\2 //ef2sam§m|w2w|2

el (A / / e20m S |00 2 4 520 / / e S |0 |2
w1 w1
woxt | e%amfmglﬁ).
wi

Integrating by parts in space the fourth order term in (3.20) and using the
Cauchy—Schwarz inequality, we get (3.27), i.e., Claim 2 holds.
From (3.18), (3.21), and (3.27), we get

(3.28) 33/\4// e 2sam g3 lah,|?

S 883)\4 //672samé-gn|ww|2+gs/\2 //ef2sam£m|w2w|2
+CS7)\8// E_QSam€Zn|(p|2+CS5/\6 // E_QSam§21|<Pm|2
w1 w1
rosat [ g o 0xt [[ et o
w1 w1

+CsPA // em2med 191> + Cs® At // e sm el |gol?.
w1 w1
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From (3.17) and (3.28), we obtain

(3.29) sA? // e Zsam e Nahag|® + 53N // e 2sam 3 Jah, |2

st [[ete ool 4 ox? [[ e 2en g
Lo / / €3 e 25m |y 2 4 500 / / £3 e~ 25am |,
+S7/\8/ f;e—Qsam|(p|2

S 057/\8/ g;ef2sam|<p|2 —I—CSS/\G // 672sam§§n|<pm|2
w1 w1

+083)\4 // e—25am€73n|(p2m|2 +CS5)\6 // e—25am€;5n|(p3m|2
+083A4//6_25am§§n|gl|2+053)\4//6_25am€§n|g2|2
+Cs\? / / ™2 |(g2), 2.

Notice that, compared to (3.16), we do not have anymore the observation of 1, on wy.
This is a key point to get a control result where we only act directly on one equation.
A negative point at this stage is that we have now additional observations of ¢, and
3, on the subset wy.

Step 4 (only zero order observation): We prove that we can eliminate the higher
order observation of ¢ in (3.29).

Claim 3. If € > 0, there exists C. > 0 such that

(330) 85)\6 // G_QSamé-?nlSDle +83)\4 // e_2sam£§n|802w|2
w1 w1

o0 [[ g o,
w1

< E// e 2sm ((Sfm)71|@wwww|2 + 53/\451?—)n|902w|2 + 5/\2€m|503w|2)

+C€839/\40// e—2sam§§nQ|(p|2.

Indeed, if wy is an open set such that w; CC wy CC w and n € C§°(w2) is such that
n =11in wy, we get

(3.31) s°A° // e Zsam S |ng, |2
w1
< N0 // e~ mED sl
ws
_ —85/\6 —28Qm ¢D 85/\6 —28Qm ¢D 2
= ne EmPrzzzPpoz + 5 (ne 5m)2z|§02z|
w2 w2

< 6// e—25am (ng)_1|§0wwww|2 +05811/\12// e—ZSam&lnl|QO2m|2.
w2
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In the same way, if w3 is an open set such that we CC w3 CC w, we get that
(a2 s [[ ereengllipn
w2

SES/\2 //672sam§m|(p31|2+C€S21/\22 // 6728am€72nl|(¢0w|27
w3

and finally

(333) 821)\22 // e—QSamg’?anOIP
w3
S583A4//6_25am53n|g021|2+05839A40 // e—ZSamé-fn?'SOlQ.

Inequality (3.30) is deduced from (3.31), (3.32), and (3.33).

Step 5 (Conclusion): From (3.29) and (3.30), we get the Carleman estimate (3.15),
which concludes the proof of Theorem 3.4. d

In order to prove an observability inequality for our system from the previous
Carleman estimate, we use the following two lemmas.

LEMMA 3.5. If g1,92 € L?(0,T; L*(0,1)), (¢r,r) € HZ x HE, and p, are the
solutions of system (2.2), then

1
(3.34) _%/0 (p(x,t)* + ¢(2,t)?)dx

gc/o (np(a:,t)2+¢(x,t)2)dx+/o (g1(2,8)% + gol, £)?)dz

for every t € [0,T7].
Proof. Multiplying the first and the second equations of system (2.2) by ¢ and
1, respectively, and integrating in (0, 1), we obtain

1d [ 1 1
(335) ___/ |50(x7t)|2d$+’7/ |(¢02w(xat)|2dw+a/ g02w($,t)(,0($,t)dx
2dt 0 0 0
1 1
= —/ ww(x,t)go(x,t)dx—i—/ o(z, t)g1(z, t)dx
0 0
and
1d ! 1
(336~ 55 | WP+ [ Joso0)Pds

- / o (2, 0, )+ / (e, g (e, t)de
0 0

for each ¢t € [0,7]. Adding up (3.35) and (3.36) and using that

2
a
—a/¢21¢d$§7/|<ﬁ2m|2 d$+7/|‘ﬁ|2dl‘,

we get (3.34). a
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LEMMA 3.6. For g1,g2 € L%(0,T;L?(0,1)) and (¢7,v¢r) € HZ x H}, let (p,1)
be the solution of system (2.2). If ®(t) = fol(cp(t)2 +¥(t)?)dx, then

1
/ (g7 + g%)dwdt) ,
0

Proof. Let z € C*°(0,T) be such that z(t) = 1 for all ¢t € [0,7/2] and z(t) = 0 for
all t € [37/4,T]. Multiplying (3.34) by z, we obtain

3T
4

1

(3.37) ||CI’||L°°(0,%) <C <||CI)||2L2(%,3T) +/0

d 1
(3.38) — 2 (2®) < C2® — 20 + 2 / (9% + g3)da.
0

For each ¢t € [0,T], we apply the Gronwall inequality in [¢t,T]. Since z(T') = 0, we
obtain

T
(3.39) A(D)®B(t) < C / h(s)ds,
t
where
1 1
h(t) = 2(0) [ (9t + )z = (t) [ (62 + g
0 0
From (3.39), we deduce (3.37). O
In the desired observability inequality, we have to recover the solutions at t = 0,
which is impossible with the weight function that we are working with. For this

reason, we use a new weight function that is not singular at t = 0. We set ¢,,, defined
by

4m .
ont) Tam it 0<t<T/2,
m = 1
——  if T/2<t<T.
e L T/2sts

We denote by M; and M5 the minimum and maximum, respectively, of the spatial
part of ay,:

(3.40) M, = (eka“AllﬁHoo _ 6A<k||m\oo+|w||oo>) and

(3.41) M, = (ek%ﬂnﬁum _ eA(knﬁHoo)) '
If £ and m are chosen such that k£ > m, then we have

My — My = b T MIBlse _ g AKIIBllset1Blloe) 4 KISl )
— AEIBl ot 18l0) (e/\(%*l)\\ﬁllw 9 €—A<||ﬂum>)

>0
for A large enough. Thus, we can take some r € R such that

(342) My < r < 2M;.
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PROPOSITION 3.7. There exist A, s,C > 0 such that the solution (p,v) of (2.2)
satisfies

(3.43)
J[ e s [ uopar s [[ iepeses s [ o

< C(// 6725M1¢m( 73n|gl|2 + ¢%z|g2|2 + |(g2)w|2) + // ¢73r?e2SM1¢m|(,0|2)

for every g1,92 € L*(L?) such that [[ e m (7 |g1]* + &, |92I* + (92)]?) < o0,
and every (pr,¢r) € HS x H}.
Proof. From Proposition 2.1, Lemma 3.6, and the Poincaré inequality, we obtain

1 T/2 1
(3.44) / (@, 0) + [i(z, 0)2)da + / / (pf2e 2 Ma0m T
0 0 0

T/2 1
+ / / |op[2e™2M20m o3 dadt
0 0

< ||(‘Pa‘/’)||2Loo(o,T/2;L2(0,1))2
< Cl(¢p, ¢)||%°°(T/2,3T/4;L2(0,1))2 + OH(glv92)||%°°(0,3T/4;L2(0,1))2

3L
= C/ ' / (o(z,t)? 4+ (x, t)?)dxdt
T/2 Jo
S|
+ O/ / e 2 M (gy (2, 1) + go(w,1)?)dadt
0 0
Sl
= 0/ / (p(2,1)? + Yy (,t)?)dadt
T/2 Jo

3L o1
+ C'/ / e~ 28 M20m (g1(z, 1) + ga(z, t)?)dxdt.
0 0

Using again the Poincaré inequality, and Carleman estimate (3.15), we deduce that

T 1 T 1
as) [ [ertengyppp g [ [ et g jop
T/2J0 T/2Jo

<o [[emmnginp+ [[eeomop
SCSBQ)\4O // 5137,?672sam|30|2+C//€72sam(83)\4§3n|91|2

+ 2N g2l + sA%[(92).[%)
< (539 )40 // $39 =2 Mi6m| (2

40 [[ 2o (NG g + NGl + 5N (02)of).
Inequality (3.43) is obtained from (3.44) and (3.45). O
Through the rest of the paper, we denote by p the function defined by
p(t) = e_ﬁ
for t € (0,T), where r satisfies (3.42).
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PROPOSITION 3.8. There exists C > 0 such that the solution (p,v) of (2.2)
satisfies

(3.46)  |l(pe, p¥) I\Loomz)XLoo(Hl
< [T (@0 P+ (@ =" g + [(92). )

+O// e‘W(T — )73 )2

for cvery g1, g> such that [ ¢~ T (T — )= go 2 4+ (T = )77 |gof? + [(92). %)
is finite, and every (pr,1r) € Hi x Hy.

Proof. Let us define ¢ = pp and ¢ = pip. Notice that @, ¢ satisfy system (2.2)
with ¢ = ¢p = 0 and with the right-hand side equal to (pg1 — pr) and (pga — pr1),
instead of g1 and gs, respectively. Thanks to Proposition 2.1, we have

[1(pes P oo a2y x oo 112y < C(11(pg1, pg2) I L2(22) + [(pep, pet0)|I L2(L2) )-
0 0

We can easily check the existence of some positive constant C' such that

// |ng|2 < C// |gj|2e*(T2—StT>m for j = 1,2,
ST 25 M:
// lpepl? < C// |2~ TEHT (T — £)72m=2 < C// |p[2e” T

and in the same manner
/ / Il < C / / plPe™ a0

Therefore, by using (3.43), we get (3.46). O
Inequality (3.46) directly implies an observability inequality like (3.2) in some
weighted spaces. In order to make that precise, we introduce the following notation.
DEFINITION 3.9. Given T > 0, a normed vector space X, and a function n :
(0,T) — R*, we denote

T
L2(n; X) = {f;/ £ @)I5n(t) dt < OO}
0

endowed with their natural norm.
Taking into account the continuous embeddings HZ(0,1) < W1>°(0,1) and
L*(0,T) < L?(0,T), inequality (3.46) gives us the observability (3.2) in the spaces

U=1I2 (ei(fwij‘f)%n (T — £)%m L2(w)) ’
X1 :H_Q(Oal)v XZZH_l(Oal)v
sM m
Z = {(u,v); e (T — )% (u,v) € L*(0,T; L*(0,1) x L*(0,T: H~'(0, 1))},
Vi = {y;p~ly € L0, T;W~11(0,1))}, and
(3.47) Yo = {y;p~ 'y € L*(0, T; H(0,1))}.
Thus, by duality, we obtain the null controllability result in this functional frame-
work. The next proposition makes this fact precise and gives extra information on the
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decay of the controlled trajectories. This decay will be important later when dealing
with the nonlinear system.

PROPOSITION 3.10. For each f1 € Y1, fo € Ya, ug € H2(0,1), and vy €
H=1(0,1), there exists a control h € U such that the solution (u,v) of system (3.1)
belongs to Z and satisfies

(T — 1)20m =5 (4, 0) € C([0, T); H-2(0,1) x H-1(0,1)).

In particular, uw(T) = v(T) = 0.
Proof. We follow [19] (see also [16]) to get a controllability result from inequality
(3.46). We denote

2s My

m(t) = T (T — 1)

and

25 My

no(t) = e~ T (T — t)739™,

Let us define, for (i, ) and (3, 1) in C°([0,1] x [0, T])? satisfying the boundary
conditions of (2.2), the bilinear form given by

o(le.05@.0) = [[ mep+ [[m(Prevr @

L(6,0)L*(3,0) + 0L (9, 0)0: L (3.9) )
where

P*(QO, w) = =t + VPraza + WPzz — Paaz + djw

and
L*(‘Pﬂ/’) = _¢t - err - Cwm + Qs

By inequality (3.46), we have that a((¢,¥); (¢, @b))l/z is a norm. Let us denote
by X the completion of the pairs (¢, 1) € C*°(]0,1] x [0,T]) satisfying the boundary
conditions of (2.2) with this norm.

We define from X to R the scalar function j given by

](‘pa ¢) = <f1a ‘P>Y1,Y1* + <f2a ¢>Y2,Y2* + <U(), @(O)>H—27H§ + <1}0, ¢(0)>H—1,Hé’

which is continuous and linear. Therefore, from the Lax-Milgram theorem, we get
that there exists (¢,1) € X such that

(3.48) a((@,9); (0, 9)) = 3¢, ¥)

for all (p,v) € X. B
We set h = =@, u = 11 P*(,7), and finally,

v=m (L3, %) — (L*(Z,%))aa)-

“(
By definition of the space X, we get that (u,v) €

u,v) € Z and h € U. From construction,
we have that U and Y; are subspaces of L*(0,7; W~1!

1(0,1)) and Y5 is a subspace of
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L?(0,T; H1(0,1)). Hence, by Theorem 2.4, we get that system (3.1) is well posed
for data in the stated spaces and for any h € U. The solution satisfies (u,v) €
L?(0,T;L%0,1))2NC([0,T], H2(0,1) x H~1(0,1)).

It is easy to see, from identity (3.48), that we have found a control h steering the
solution (u,v) of the system to the null state (0, 0).

On the other hand, let us define g(¢t) = (T — t)30me%, i = gu, 0 = gv,
h = gh, and fj =gf; for j =1,2. Then (@, ?) satisfies

(349) { Ut + Vlgrre + Qg + Usy = Ug + fz]_ — giu + iL]_w,

— D09y + ¢V = Uy + fo — gro.

It directly follows that h e L%0,T;L%0,1)). As fi € Yy and M; < r, we
deduce that f; € L'(0,T; W~11(0, 1)). From the fact that u € Z; we get giu €
L2(0,T; L*(0,1)). We conclude that (f1 —gru+h) € Ll(O T;W=11(0,1)).

In the same way, we prove that fo —gv € L2 (0,7; H=1(0,1)). Hence, by applying
Theorem 2.4, we obtain the desired result. d

3.2. Nonlinear control system. Let us prove the local null controllability of
the nonlinear system. We deduce this result from the null controllability of the linear
equation by using a local inversion theorem.

In order to obtain Theorem 1.1, we use the following result.

THEOREM 3.11 (see [1]). Let E and G be two Banach spaces and let A : E — G
satisfy A € CH(E;G). Assume that é € E, A(é) = §, and N'(é) : E — G is surjective.
Then, there exists § > 0 such that, for every g € G satisfying ||lg — §lla < 0, there
exists some e € E solution of the equation A(e) = g.

Let us define some appropriate spaces E,G and a map A whose surjectivity is
equivalent to the null controllability for our nonlinear parabolic system. We denote

Ll (u7 U) = U + YUzzazz + ugy + auoy — Uy,

Lo(u,v) = vy — Twoy + cvp — uy.

Keeping in mind (3.47), we define the spaces

E = {(u,v,h) € ZxU : Li(u,v) + hl, € Y1, La(u,v) € Y,
and (T —t)Qome%(u,v) € C(H ?x H_l)}
and
G:=H20,1) x Yy x H1(0,1) x Y.

The map A is given by

AE— G,
(u,v,h) —  (u(0,-), L1(u,v) + hl, + uug, v(0,-), La(u,v)) .

In order to prove that A is well-defined, we have to verify that uu, € Y7 for each
(u,v) € Z. We have

uuy €Y, = e<TT‘>uum € LY(0,T;w=11(0,1))
e™=07 |u|2 € L}0,T; L*(0,1))

= / / [u?e™= 07 drdt < co.
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sr 2s My
Since r < 2M;, we have eT—07" < eT—07 (T — ¢)3™. Hence, (u,v) € Z implies
p

Ul € Y7.

Notice that the map (u1,v), (u2,v) € Z %(uluQ)m € Y] is a bilinear continuous
map, and consequently A is a C'' map.

Since (u,v,h) € E satisty u(T) = v(T) = 0, the local surjectivity of A around
the origin is equivalent to the local null controllability of system (1.2). Thus, by
Theorem 3.11, the proof of Theorem 1.1 will be ended if we prove that the map A’(0)
is surjective.

PROPOSITION 3.12. The map A'(0) : E — G is surjective.

Proof. Tt is easy to see that this map is given by

AN(0): E— G,
(u,v,h) —  (u(0,-), L1(u,v) + hly,,v(0,), La(u,v)) .

Therefore, the surjectivity of A’(0) is equivalent to the null controllability of the lin-
earized equation with source terms lying in ¥; x Y5 and initial data in H~2(0,1) x
H~1(0,1) with a control h € U. This control property was proved in Proposi-
tion 3.10. O

Appendix. Proof of Theorem 3.3. Recall the hypothesis on 8 and the
definitions of «,, and &,, stated from (3.3) to (3.6). In this proof, we will denote oy,
and &, by « and &, respectively. Without loss of generality, we take the coefficient
v =1.

We write P = P, + P,, where P, = —0; + 0% and P, = —93 + ad? — 0,. Let us
define Pv = e~**P(e%*v), the conjugate operator of P. Hence, P = P,, + P,. From
straightforward computations, we have

(A1) Pv=Pv+ Pyv+ Ru,

where

A2) Pyv = 6X%%(5')° €20 + X5 (8)1€"0 + a0 + 6X75((8)%€7) v,
Pov = —v; — 4X353(B))330, — 483 Evag,

and

Ru = —saw — 6A%s°(8)28"¢% — 6% (8) 1670 4+ 3N2s%(8)?E%v + 4N*s° B/ 8" %0
+18X3s?(8')2 "% + TAY* (B)1€%0 — AsBaabv — 4N Evy — 120253 "€,
— 6AsB"Evae — 3N?s(B")2Ev — ANZsB' B Ev — AN’ 5(') Eus
— 6A25(B')2Ewar — N s(B) v — 6X%s(8)* B €w.
We define, for a subset U C €, the following integral terms:

Iy(v,8,\) = sTA8 // §7|v|2—|—85)\6 // £5|vz|2—|—53)\4 // §3|U2m|2+8)\2 // £|vgz|2.
U U U U
Then, it directly follows that
- 1
(A3) HPrU”%z(Q) S EIQ(U,S,)\)
and

1
(A4) ||R’U||%2(Q) S EIQ(U,S,A).
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The main part of the proof consists in estimating from below || Pyv + P2”H%2(Q\w)
by Clg\,(v,s,A) for some positive constant C. Indeed, we have

where I; ; denotes the L?-product between the ith term in the expression of Pjv and
the jth term in the expression of Pyv (see (A.2)).
After some integrations by parts in z and ¢, we get:

= —652)\2 // )2 ()i ]vs)® + 652N // )aVa U,
Iy = 605\ //(ﬁ’) €% Jug|? + 60s°\° //(ﬁ’) B’ |07,
10 = 308X [ [(3)1€00nul? + 30530 [ (325006 v
—125°)° // )3E3 v2s |2,
n =25 [[ @) el
2 =147 [ [P0 + 1427 [ [(5) 0l
Iy = —285°)\0 //(ﬁ’)6§5|v1|2 —305°\° //(ﬁ’)4ﬁzm€5|vm|2
+259)\° %)z v,
= [ |/{| =0,
B = =65 [ [(8750,8ons P 65531 [[ (516,
+25503 // )2€|va|?,
I35 = 25\? //(5) €|vge|* + 25 // Bow&?|v3s|? — 25A //E B'Elvsa?,
I = =652 [ [((8)€) 000 = 13,
iy = 18X [ [0, = 18X [ [(8)!5uuls
= 185X [ [(8) € 0aal 4 48580 [ [(9)6 pnalona

12600 / / ((B')2€(52€2) ) s

Taking into account hypothesis (3.5), we get that the sum of the boundary terms
appearing above is nonnegative, i.e.,

(A.5) 102288 [ [ (@€l ~ 255 [ [ #efuncl? > 0.
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Let wo be an open set such that {#’ = 0} C wy CC w. Every term in each I, ; is
bounded, in absolute value, by a constant multiplied by I (v, A, s) for s and A large
enough. (Use the corresponding term in I (v, A, s) with the same derivative of v.) By
using (3.4), we get that Iq\,, (v, A, s) is positive.

Then we have, for A > A1, s > s1 and for some positive constant C, that

i=4,j=3
(A.6) > L > Clg(v.s,A) = Clo(v,5,)) = C Ly, (v, 5, \).
i=1,j=1

In order to add a fourth order term to the inequality, let us note that from (A.2) and
the Cauchy—Schwarz inequality, we have

|U4m|2 _ ‘Pﬂ) _ 6)\282(6/)26211295 _ )\454(ﬁ’)4§4v _ 6)\282((ﬁ/)2§2)mvm|
S C(|P1U|2 +/\4S4§4|U21|2 +/\88858|’U|2 +)\684f4|vw|2)

2

and then

(A7) //€|v4w|2 < C//|P1U|2+CIQ(U 5,\).
3),

From (A.1), (A.3), (A.4), (A.6), and (A.7), we get
2 2 1 L 2
|P1’U| + |P2U| +g E|’U4z| +IQ(U,S,/\)
S/ |Pv|? 4+ C L,y (v, 5,\).

In order to get an inequality with only an L? observation, let w; be an open set
such that wy CC w; CC w, and a cutoff function p € C§°(wy) such that p =1 in wy.

Then
s)\z/ Eluze|* < sA? // Pp€|v3s|?
wo w1

2 L 2

=s\ (- pEvazU + = (P€) 2 [v2z |

wo 2 wo
<5l / / e Musal? + C. P / S
Q w1

In the same way, if wy is an open set such that wy CC wy CC w, then

33/\4/ €|va|? §6$/\2/Qf|vgz|2+05 sw/ v, |?
and
(A.9) 55)\6/ vy < esPAt //Q EJvsal? + C. 57/\8/ Tl
From (A.8) to (A.9), we get
(A.10) / (|Prv]? + |Pav]® + sTABET0]? + sP A0 v + s* A3 o, |?

5N ¢use + 571 o) < c//|15@|2+sm8c// T2,
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Let us get the Carleman inequality for the function ¢ = e**v. From the definitions
of a and &, we have that

(A.11)
ef2sa(87)\8§7|(p|2 +S5)\6€5|S0w|2 +53)\4§3|802w|2+5)\2§|803w|2 _’_871571'(’04“2)
S S7)\8§7|,U|2+85A6€5|U1|2+83A4€3|U2I|2+$A2€|ng|2+S—l€—1|v4r|2.

From (A.11), (A.10) and taking into account that Pv = e~** Pw, we get inequality
(3.14), which concludes the proof of Theorem 3.3. O
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