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NULL CONTROLLABILITY OF THE STABILIZED
KURAMOTO–SIVASHINSKY SYSTEM
WITH ONE DISTRIBUTED CONTROL∗

EDUARDO CERPA† , ALBERTO MERCADO† , AND ADEMIR F. PAZOTO‡

Abstract. This paper presents a control problem for a one-dimensional nonlinear parabolic
system, which consists of a Kuramoto–Sivashinsky–Korteweg de Vries equation coupled to a heat
equation. We address the problem of controllability by means of a control supported in an interior
open subset of the domain and acting on one equation only. The local null-controllability of the
system is proved. The proof is based on a Carleman estimate for the linearized system around the
origin. A local inversion theorem is applied to get the result for the nonlinear system.
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1. Introduction. Over the last years, a lot of attention has been paid to the
controllability of coupled systems of PDE’s, which is in general harder to obtain
than the controllability of single equations. When dealing with systems, unexpected
phenomena may occur. For instance, some linear parabolic systems are controllable
only if the control time is large enough; see [6]. This condition never appears for
parabolic linear single equations.

As stated in the survey [4], the study of null controllability for systems of parabolic
equations is rather recent. In the case of internal control of coupled reaction-diffusion
equations, the articles [2, 3, 20, 26] deal with zeroth order couplings by using a Car-
leman estimates approach. In [14], a system of two heat equations coupled through a
cubic nonlinear term is studied. They use the return method and a Carleman estimate
to prove null controllability.

Concerning boundary control, there are few results for this kind of system. Some
coupled one-dimensional heat equations have been considered in [18, 5, 27, 7] by
applying the moment method and proving the existence of an appropriate biorthog-
onal family of L2-functions. See also [10], where the approximate controllability of a
one-dimensional system is studied.

The efforts of the control community have been oriented to prove control prop-
erties when there are fewer controls than equations. In this paper, we are interested
in a nonlinear parabolic system formed by two PDEs and where we directly con-
trol only one of them. This parabolic system models front propagation in reaction-
diffusion phenomena and combines dissipative with dispersive features and simul-
taneously supports stable solitary-pulse. The system consists of a one-dimensional
Kuramoto–Sivashinsky–Korteweg de Vries (KS–KdV) equation, linearly coupled to
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an extra dissipative equation, and was proposed in [23] under the name of the stabi-
lized Kuramoto–Sivashinsky system. (See also [9] for the single KS–KdV equation.)
The model has the form

(1.1)

{
ut + γuxxxx + uxxx + auxx + uux = vx,

vt − Γvxx + cvx = ux,

where γ, a are coefficients accounting for the long-wave instability and the short-wave
dissipation, respectively, Γ > 0 is the dissipative parameter, and c is the group-velocity
mismatch between wave modes. Notice that the coupling is through first order terms,
which is harder to deal with than zeroth order couplings. The null controllability of
this system has been studied in [13] in the case where both equations are controlled
from the boundary.

In this work, we are interested in the null controllability property of system (1.1)
posed on the bounded interval [0, 1] with homogeneous boundary conditions, initial
data u0, v0, and a control h acting in an open subset ω ⊂ (0, 1). Thus, denoting the
characteristic function on ω by 1ω, we can write the considered system as

(1.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut + γuxxxx + uxxx + auxx + uux = vx + h1ω, (x, t) ∈ (0, 1)× (0, T ),

vt − Γvxx + cvx = ux, (x, t) ∈ (0, 1)× (0, T ),

u(0, t) = 0, u(1, t) = 0, t ∈ (0, T ),

ux(0, t) = 0, ux(1, t) = 0, t ∈ (0, T ),

v(0, t) = 0, v(1, t) = 0, t ∈ (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ (0, 1).

Here, we assume that

(1.3) a, γ, and Γ are positive constants while c may have any sign.

We address the problem of steering the solutions of system (1.2) to the rest. More
precisely, given T > 0 and an appropriate space X , we say that system (1.2) is null
controllable if for any initial condition (u0, v0) ∈ X , there exists an internal control h
such that the solution of (1.2) satisfies u(T, ·) = v(T, ·) = 0. We say that the local null
controllability holds if we can find a control as above whenever ‖(u0, v0)‖X is small
enough. In this paper, we will prove this last property for system (1.2).

Let us take a look at each equation separately. The boundary null controllability
for the one-dimensional heat equation was proved in [15] by Fattorini and Russell,
using the moment method. The null-controllability of the heat equation in higher
dimensions and with distributed controls is due to Lebeau and Robbiano [22] and
Fursikov and Imanuvilov [19]. Concerning the fourth order equation, recently the null
controllability has been proved in [12] (see also [11]) with boundary controls and in
[28] with a distributed control.

In this paper, we first obtain an observability inequality for the linearized system
using global Carleman estimates. Then we apply an inverse function theorem for the
nonlinear system in order to get the following theorem.

Theorem 1.1. Let T > 0 and ω any nonempty open subset of (0, 1). There exists
δ > 0 such that for any (u0, v0) ∈ H−2(0, 1)×H−1(0, 1) with

‖u0‖H−2(0,1) + ‖v0‖H−1(0,1) < δ,

we can find a control h ∈ L2(0, T ;L2(ω)) such that the corresponding solution

(u, v) ∈ C([0, T ], H−2(0, 1)×H−1(0, 1)) ∩ L2(0, T ;L2(0, 1)× L2(0, 1))
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of (1.2) satisfies

u(·, T ) = v(·, T ) = 0.

Let us notice that in system (1.2), the coupling occurs by means of first order
terms as in [8], where a parabolic system was studied. In that work, the authors asked
the control region ω to touch the boundary of the domain. Here in our paper, in order
to consider a control region that is far from the boundary of the domain, we follow
[21], where the author studies a parabolic system with a second order coupling.

An outline of the paper follows. In section 2, well-posedness results are stated for
the considered systems. The proof of Theorem 1.1 is given in section 3. The linearized
system is studied in section 3.1 by using a Carleman estimates approach. The final
result for the nonlinear system is obtained by means of a local inversion theorem in
section 3.2.

Remark 1.2. The control of some generalizations of the stabilized Kuramoto–
Sivashinsky system to the two-dimensional case may be considered in the future.
Instead of considering the KdV equation with the extra bi-Laplacian term in one
dimension, we can replace the KdV equation by a Zakharov–Kuznetsov equation as
in [24] or a Kadomtsev–Petviashvili equation as in [25].

2. Well-posedness. This section is devoted to the proof of well-posedness re-
sults for the equations that we are concerned with in this paper. We state results for
both linear and nonlinear systems. Let us introduce, for m, s ∈ Z, the notation

Xm(Y s) := Xm(0, T ;Y s(0, 1)), C(Y s) := C([0, T ], Y s(0, 1)),

where Xm, Y s typically stands for some Sobolev spaces.
We consider the linear system given by

(2.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut + γuxxxx + uxxx + auxx = vx + f1, (x, t) ∈ (0, 1)× (0, T ),

vt − Γvxx + cvx = ux + f2, (x, t) ∈ (0, 1)× (0, T ),

u(0, t) = 0, u(1, t) = 0, t ∈ (0, T ),

ux(0, t) = 0, ux(1, t) = 0, t ∈ (0, T ),

v(0, t) = 0, v(1, t) = 0, t ∈ (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ (0, 1),

and its adjoint system, which reads as

(2.2)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−ϕt + γϕxxxx + aϕxx − ϕxxx = −ψx + g1, (x, t) ∈ (0, 1)× (0, T ),
−ψt − Γψxx − cψx = −ϕx + g2, (x, t) ∈ (0, 1)× (0, T ),
ϕ(0, t) = 0, ϕ(1, t) = 0, t ∈ (0, T ),
ϕx(0, t) = 0, ϕx(1, t) = 0, t ∈ (0, T ),
ψ(0, t) = 0, ψ(1, t) = 0, t ∈ (0, T ),
ϕ(x, T ) = ϕT , ψ(x, T ) = ψT , x ∈ (0, 1).

In this section, we prove the well-posedness of these two systems in their respective
spaces.

2.1. Adjoint linear system.
Proposition 2.1. Let G denote either L2(0, T ;L2(0, 1))2 or L1(0, T ;H2

0 (0, 1)×
H1

0 (0, 1)). For each (ϕT , ψT ) ∈ H2
0 (0, 1)×H1

0 (0, 1) and (g1, g2) ∈ G, system (2.2) has
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a unique solution (ϕ, ψ) ∈ C(H2
0 ×H1

0 )∩L2(H4 ×H2). Moreover, there exists C > 0
such that

(2.3) ‖(ϕ, ψ)‖C(H2
0×H1

0 )∩L2(H4×H2) ≤ C
{
‖(ϕT , ψT )‖H2

0×H1
0
+ ‖(g1, g2)‖G

}
.

Proof. Let us perform the change of variable t �→ T − t in (2.2) in order to have a
time-forward system. Considering regular enough data, we multiply the equation on
ϕ by ϕxxxx and integrate on (0, 1). We obtain, for any ε > 0, that

(2.4)
1

2

d

dt

∫ 1

0

|ϕxx|2 dx+ γ

∫ 1

0

|ϕxxxx|2 dx

≤ ε

∫ 1

0

|ϕxxxx|2dx+ C

∫ 1

0

(|ϕxx|2 + |ϕxxx|2 + |ψx|2
)
dx+

∫ 1

0

g1ϕxxxxdx.

From Ehrling’s lemma, we get that

(2.5)

∫ 1

0

|ϕxxx|2 dx ≤ ε

∫ 1

0

|ϕxxxx|2 dx+ C

∫ 1

0

|ϕ|2 dx.

From (2.4) and (2.5), we have

(2.6)
d

dt

∫ 1

0

|ϕxx|2 dx+
∫ 1

0

|ϕxxxx|2 dx ≤ C

∫ 1

0

(|ϕxx|2 + |ψx|2
)
dx+

∫ 1

0

g1ϕxxxxdx.

Let us multiply the equation on ψ by ψxx and integrate on (0, 1). We obtain, for
any ε > 0, that

1

2

d

dt

∫ 1

0

|ψx|2 dx+ Γ

∫ 1

0

|ψxx|2 dx ≤ ε

∫ 1

0

|ψxx|2dx

+C

∫ 1

0

(|ϕx|2 + |ψx|2
)
+

∫ 1

0

g2ψxxdx

and then

(2.7)
d

dt

∫ 1

0

|ψx|2 dx+

∫ 1

0

|ψxx|2 dx ≤ C

∫ 1

0

(|ψx|2 + |ϕx|2
)
+

∫ 1

0

g2ψxxdx.

Denoting E(t) =
∫ 1

0 (|ϕxx|2 + |ψx|2), from (2.6) and (2.7) we get

(2.8)
d

dt
E(t) +

∫ 1

0

(|ϕxxxx|2 + |ψxx|2
)
dx ≤ CE(t) +

∫ 1

0

g1ϕxxxxdx+

∫ 1

0

g2ψxxdx.

Let us first obtain the estimate corresponding to (g1, g2) ∈ L1(0, T ;H2
0(0, 1) ×

H1
0 (0, 1)). From (2.8), we have

(2.9)
d

dt
E(t)+

∫ 1

0

(|ϕxxxx|2 + |ψxx|2
)
dx ≤ CE(t)+

∫ 1

0

(g1)xxϕxxdx+

∫ 1

0

(g2)xψxdx,

and then Gronwall’s lemma implies that

sup
t∈[0,T ]

E(t) ≤ C

(∫ 1

0

(g1)xxϕxxdx+

∫ 1

0

(g2)xψxdx

)
,
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and therefore

(2.10) ‖(ϕ, ψ)‖L∞(0,T ;H2
0×H1

0 (0,1))
≤ C‖(g1, g2)‖L1(0,T ;H2

0 (0,1)×H1
0 (0,1))

.

Integrating (2.9) in [0, T ] and taking into account estimate (2.10), we get that

(2.11) ‖(ϕ, ψ)‖L2(0,T ;H4×H2(0,1)) ≤ C‖(g1, g2)‖L1(0,T ;H2
0 (0,1)×H1

0 (0,1))
.

In order to consider the case (g1, g2) ∈ L2(0, T ;L2(0, 1))2, we use the Cauchy–
Schwarz estimate in the last two integrals in (2.8), and we obtain

(2.12)
d

dt
E(t) +

1

2

∫ 1

0

(|ϕxxxx|2 + |ψxx|2
)
dx ≤ CE(t) +

1

2

∫ 1

0

(|g1|2 + |g2|2
)
dx.

By using again Gronwall inequality and proceeding as before, we get

(2.13) ‖(ϕ, ψ)‖L2(0,T ;H4×H2(0,1))∩L∞(0,T ;H2
0×H1

0 (0,1))

≤ C‖(g1, g2)‖L2(0,T ;L2(0,1)×L2(0,1)).

Once we get the regularity ϕ ∈ L2(0, T ;H4(0, 1)) and ψ ∈ L2(0, T ;H2(0, 1)), we
can use the equations to obtain ϕt ∈ L2(0, T ;L2(0, 1)) and ψt ∈ L2(0, T ;L2(0, 1)).
Thus, by the classical properties of these spaces, we conclude (ϕ, ψ) ∈ C([0, T ], H2

0 (0, 1)×
H1

0 (0, 1)).
To recover the same spaces when the data is less regular, we use density arguments

and estimate (2.13).

2.2. Direct linear system. Using the well-posedness result for the adjoint sys-
tem, we will study solutions of the direct linear system in the sense of transposition.

Definition 2.2. Let u0 ∈ H−2(0, 1), v0 ∈ H−1(0, 1), f1 ∈ L1(W−1,1), and
f2 ∈ L2(H−1). A solution of the system (2.1) is a couple (u, v) ∈ L2(L2)2 such that
for any g1, g2 ∈ L2(L2),

(2.14)

∫ T

0

∫ 1

0

u(x, t)g1(x, t) +

∫ T

0

∫ 1

0

v(x, t)g2(x, t)

= 〈u0, ϕ(·, 0)〉H−2,H2
0
+ 〈v0, ψ(·, 0)〉H−1,H1

0

+ 〈f1, ϕ〉L1(W−1,1),L∞(W 1,∞) + 〈f2, ψ〉L2(H−1),L2(H1
0 )
,

where (ϕ, ψ) is the solution of

(2.15)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−ϕt + γϕxxxx + aϕxx − ϕxxx = −ψx + g1, (x, t) ∈ (0, 1)× (0, T ),
−ψt − Γψxx − cψx = −ϕx + g2, (x, t) ∈ (0, 1)× (0, T ),
ϕ(0, t) = 0, ϕ(1, t) = 0, t ∈ (0, T ),
ϕx(0, t) = 0, ϕx(1, t) = 0, t ∈ (0, T ),
ψ(0, t) = 0, ψ(1, t) = 0, t ∈ (0, T ),
ϕ(x, T ) = 0, ψ(x, T ) = 0, x ∈ (0, 1).

Remark 2.3. As usual, 〈·, ·〉X,Y stands for the duality product between two spaces
X and Y .

The next theorem establishes the existence and uniqueness of solutions for system
(2.1).

Theorem 2.4. Let u0 ∈ H−2(0, 1), v0 ∈ H−1(0, 1), f1 ∈ L1(W−1,1), and f2 ∈
L2(H−1). There exists a unique solution (u, v) ∈ C(H−2 ×H−1)∩L2(L2)2 of system
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(2.1). Moreover, there exists C > 0 such that

(2.16) ‖(u, v)‖C(H−2×H−1)∩L2(L2)2

≤ C
{
‖f1‖L1(W−1,1) + ‖f2‖L2(H−1) + ‖(u0, v0)‖H−2×H−1

}
.

Proof. For each (g1, g2) ∈ L2(0, T ;L2(0, 1)), we define

L(g1, g2) = 〈u0, ϕ(·, 0)〉H−2,H2
0
+ 〈v0, ψ(·, 0)〉H−1,H1

0
(2.17)

+ 〈f1, ϕ〉L1(W−1,1),L∞(W 1,∞) + 〈f2, ψ〉L2(H−1),L2(H1
0 )
,

where (ϕ, ψ) is the solution of (2.15). From Proposition 2.1, L defines a continuous
linear functional from L2(0, T ;L2(0, 1))2 to R. Then from the Riesz representation
theorem, we obtain the existence and uniqueness of (u, v) ∈ L2(0, T ;L2(0, 1))2 satis-
fying (2.14). Moreover, still from Riesz and from Proposition 2.1, we get

‖(u, v)‖L2(0,T ;L2(0,1))2(2.18)

= ‖L‖L(L2(0,T ;L2(0,1))2;R)

≤ C
{
‖f1‖L1(W−1,1) + ‖f2‖L2(H−1) + ‖(u0, v0)‖H−2×H−1

}
.

From Proposition 2.1 we also have that (g1, g2) ∈ L1(0, T ;H2
0 (0, 1)×H1

0(0, 1)) �→
L(g1, g2) given by (2.17) defines a continuous linear functional from L1(0, T ;H2

0 (0, 1)×
H1

0 (0, 1)) to R. Hence, we get that (u, v) ∈ L∞(0, T ;H−2(0, 1)×H−1(0, 1)) and

‖(u, v)‖L∞(0,T ;H−2(0,1)×H−1(0,1))(2.19)

= ‖L‖L(L∞(0,T ;H−2(0,1)×H−1(0,1));R)

≤ C
{
‖f1‖L1(W−1,1) + ‖f2‖L2(H−1) + ‖(u0, v0)‖H−2×H−1

}
.

Standard density arguments, starting with more regular data, allow us to get
the regularity C([0, T ], H−2(0, 1)×H−1(0, 1)) for the solution (u, v). The key step is
the following. With more regular data, we can use the equation to imply that ut ∈
L2(0, T ;H−4(0, 1)) and vt ∈ L2(0, T ;H−2(0, 1)). Using that u ∈ L2(0, T ;L2(0, 1))
and v ∈ L2(0, T ;L2(0, 1)), we conclude, by classical properties of theses spaces, that
(u, v) ∈ C([0, T ], H−2(0, 1) ×H−1(0, 1)). To recover the same spaces when the data
is less regular, we use density arguments and (2.19).

From (2.18) and (2.19), we obtain (2.16), which ends the proof of Theo-
rem 2.4.

2.3. Nonlinear system.
Theorem 2.5. There exists a positive real number r such that for any u0 ∈

H−2(0, 1), v0 ∈ H−1(0, 1), and h ∈ L2(0, T ;L2(ω)) satisfying

(2.20) max{‖u0‖H−2 , ‖v0‖H−1 , ‖h‖L2(L2)} ≤ r,
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the nonlinear equation (1.2) has a unique solution (u, v) ∈ L2(0, T ;L2(0, 1))2. More-
over, (u, v) ∈ C([0, T ], H−2(0, 1)×H−1(0, 1)).

Proof. Let us consider u0, v0 and r > 0 to be chosen later. We define the map

(2.21) Π : � ∈ L2(0, T ;L2(0, 1)) �−→ u ∈ L2(0, T ;L2(0, 1)),

where (u, v) is the solution of

(2.22)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut + γuxxxx + uxxx + auxx = vx − ��x + h, (x, t) ∈ (0, 1)× (0, T ),

vt − Γvxx + cvx = ux, (x, t) ∈ (0, 1)× (0, T ),

u(0, t) = 0, u(1, t) = 0, t ∈ (0, T ),

ux(0, t) = 0, ux(1, t) = 0, t ∈ (0, T ),

v(0, t) = 0, v(1, t) = 0, t ∈ (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ (0, 1).

Let us notice that ũ is a fixed point of the map Π if and only if the corresponding
(ũ, ṽ) is a solution of the nonlinear control system (1.2).

From Theorem 2.4 and the fact that

‖��x‖L1(W−1,1) =
1

2

∥∥(�2)x∥∥L1(W−1,1)
≤ 1

2
‖�‖2L2(L2),

we get

‖Π(�)‖L2(L2) ≤ C
(
‖u0‖H−2(0,1) + ‖v0‖H−1(0,1) + ‖h‖L2(L2) + ‖�‖2L2(L2)

)
.

For each R > 0, let us denote by B(0, R) the closed ball in L2(0, T ;L2(0, 1)) of
radius R and that is centered at the origin. We see that if r > 0 and R > 0 are
chosen such that C(r + R2) ≤ R, we obtain that Π|B(0,R) ⊂ B(0, R). Let us verify

that we can choose R such that Π is a contraction. Let � and �̃ be two elements in
L2(0, T ;L2(0, 1))2, and we denote by (u, v) and (ũ, ṽ) the corresponding solutions of
system (2.22).

The couple (û, v̂) given by û = ũ− u and v̂ = ṽ − v is the solution of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ût + γûxxxx + ûxxx + aûxx = v̂x + ��x − �̃�̃x, (x, t) ∈ (0, 1)× (0, T ),

v̂t − Γv̂xx + cv̂x = ûx, (x, t) ∈ (0, 1)× (0, T ),

û(0, t) = 0, û(1, t) = 0, t ∈ (0, T ),

ûx(0, t) = 0, ûx(1, t) = 0, t ∈ (0, T ),

v̂(0, t) = 0, v̂(1, t) = 0, t ∈ (0, T ),

û(x, 0) = 0, v̂(x, 0) = 0, x ∈ (0, 1).

From Theorem 2.4, we get

‖Π(�̃)−Π(�)‖L2(L2) = ‖û‖L2(L2) ≤ C‖�̃ �̃x − ��x‖L1(W−1,1).
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By using that

‖�̃ �̃x − ��x‖L1(W−1,1) =
1

2
‖�̃2 − �2‖L1(L1) ≤ 1

2
‖�̃+ �‖L2(L2)‖�̃− �‖L2(L2),

we obtain

‖Π(�̃)−Π(�)‖L2(L2) ≤ CR‖�̃− �‖L2(L2),

and therefore the map Π is a contraction if CR < 1. By applying the Banach fixed
point theorem, we conclude that Π has a unique fixed point u in L2(0, T ;L2(0, 1)).
Now, once we have (u, v) as the solution of (1.2), we see that (u, v) satisfies (2.1) with
source terms f1 = −uux ∈ L1(0, T ;W−1,1(0, 1)) and f2 = 0. We apply Theorem 2.4,
and we get the extra regularity (u, v) ∈ C([0, T ], H−2(0, 1)×H−1(0, 1)).

3. Null controllability.

3.1. Linear control system. In this section, we study the null controllability
of the linear system

(3.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut + γuxxxx + uxxx + auxx = vx + f1 + h1ω, (x, t) ∈ (0, 1)× (0, T ),

vt − Γvxx + cvx = ux + f2, (x, t) ∈ (0, 1)× (0, T ),

u(0, t) = 0, u(1, t) = 0, t ∈ (0, T ),

ux(0, t) = 0, ux(1, t) = 0, t ∈ (0, T ),

v(0, t) = 0, v(1, t) = 0, t ∈ (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ (0, 1).

Let us take a well-posedness framework (U,X1, X2, Y, Z) for this system. By this,
we mean that given h ∈ U , (f1, f2) ∈ Y = Y1 × Y2, u0 ∈ X1 and v0 ∈ X2, there exists
a unique (u, v) ∈ Z = Z1 × Z2 solution of (3.1).

This system is said to be null controllable if for any state u0 ∈ X1, v0 ∈ X2

and for any (f1, f2) ∈ Y1 × Y2, one can find a control h ∈ U such that the solution
(u, v) of (3.1) satisfies u(T ) = v(T ) = 0. It is a well-known fact that by duality, this
null-controllability property is equivalent to the existence of a constant C > 0 such
that

(3.2) ‖(ϕ, ψ)‖Y ∗ + ‖ϕ(0, x)‖X∗
1
+ ‖ψ(0, x)‖X∗

2
≤ C

(‖(g1, g2)‖Z∗ + ‖ϕ‖U∗
)

for every ϕT ∈ X∗
1 , ψT ∈ X∗

2 , and g ∈ Z∗, where ∗ stands for dual space and
(ϕ, ψ) is the solution of the adjoint linear system (2.2). Inequality (3.2) is called an
observability inequality for system (2.2).

Carleman estimates for the heat equation are well known (see, [19] for example).
In this section, we prove a modified Carleman estimate, following [21], for system
(2.2). This estimate will be very useful to deal with the first order coupling terms
in our system. Then, we use it in order to prove the observability inequality (3.2)
within an appropriate well-posedness framework. Thus, we get the null-controllability
of system (3.1).
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We shall use an abbreviated notation for the derivatives and integrals. We write,

for k integer, wkx instead of ∂kw
∂xk and

∫∫
instead of

∫ T

0

∫ 1

0
, avoiding the symbols dxdt

in the last case.
We take a function β ∈ C3([0, 1]) satisfying

(3.3) β(x) > 0 ∀x ∈ (0, 1), β(0) = β(1) = 0

and

(3.4) |β′(x)| ≥ δ > 0 ∀x ∈ [0, 1]\ω for some δ > 0.

Let us recall that (3.3) and (3.4) imply that

(3.5) β′(0) > 0 and β′(1) < 0.

Following [21], for some positive constants k, λ and m ∈ N, we define

(3.6) αm(x, t) =
ek

m+1
m λ||β||∞ − eλ(k||β||∞+β(x))

tm(T − t)m
and ξm(x, t) =

eλ(k||β||∞+β(x))

tm(T − t)m
.

In what follows, we use the estimates∣∣∣(e−2sαmξqm
)
x

∣∣∣ ≤ Csλξm
(
e−2sαmξqm

)
,
∣∣∣(e−2sαmξqm

)
t

∣∣∣ ≤ Csξ
(1+ 1

m )
m

(
e−2sαmξqm

)
,

which can be easily verified for any integer q > 0, and where C denotes a positive
constant.

Theorem 3.1. Let αm and ξm be defined in (3.6) with m > 3, k > m, and β
satisfying hypothesis (3.3) and (3.4).

Then, there exist λ0, s0 > 0 such that

sλ2
∫∫

e−2sαmξm|ψ2x|2 + s3λ4
∫∫

e−2sαmξ3m|ψx|2(3.7)

≤ Csλ2
∫∫

e−2sαmξ2m|Lψ|2 + Csλ2
∫∫

e−2sαmξ2m|Lψx|2

+ s3λ4
∫∫

ω

e−2sαmξ3m|ψx|2

for every s ≥ s0, λ ≥ λ0, and ψ ∈ L2(0, T ;H3(0, 1) ∩H1
0 (0, 1)) ∩H1(0, T ;H1(0, 1)),

where L = −∂t − Γ∂2x − c∂x.
We follow ideas introduced in [21, Lemmas 6 and 7]. (See also Theorem 1 in [17].)

Let us define

(3.8) α∗
m(t) = max

x∈[0,1]
αm(x, t) and ξ∗m(t) = min

x∈[0,1]
ξm(x, t).

We will use the following result proved in [21].
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Lemma 3.2 (Lemma 6 in [21]). Let u0 ∈ L2(0, 1) and f ∈ L2(0, T ;L2(0, 1)). Then
there exists a constant C = C(ω) > 0 such that each solution u ∈ L2(H1) ∩ L∞(L2)
of {

−ut −Δu = f in (0, 1)× (0, T ),

u|t=T = u0 in (0, 1)

satisfies

sλ2
∫∫

e−2sαmξm|∇u|2dxdt+ s3λ4
∫∫

e−2sαmξ3m|u|2dxdt

≤ C

(
s3λ4

∫∫
ω×(0,T )

e−2sαmξ3m|u|2dxdt+
∫∫

e−2sαm |f |2dxdt

+ sλ

∫ T

0

e−2sα∗
m(t)ξ∗m(t)

∣∣∣∣∂u∂n(1, t)
∣∣∣∣2 dt− sλ

∫ T

0

e−2sα∗
m(t)ξ∗m(t)

∣∣∣∣∂u∂n(0, t)
∣∣∣∣2 dt

)
for any λ ≥ C and s ≥ C(T 2m + T 2m−1).

Proof of Theorem 3.1. We apply Lemma 3.2 to function ψx. We obtain

sλ2
∫∫

e−2sαmξm|ψ2x|2 + s3λ4
∫∫

e−2sαmξ3m|ψx|2(3.9)

≤ C

∫∫
e−2sαm |Lψx|2 + s3λ4

∫∫
ω

e−2sαmξ3m|ψx|2 + sλ

∫∫
Σ

e−2sα∗
mξ∗m|ψ2x|2,

where we use the notation∫∫
Σ

f(x, t) =

∫ T

0

f(1, t)dt−
∫ T

0

f(0, t)dt.

We will find an estimate for the boundary term on the right-hand side of (3.9).
For m > 3, we consider r ∈ (52 , 3) satisfying

(3.10) m >
r − 1

3− r

and take θ ∈ (0, 14 ) such that r = θ+3(1−θ). Using trace and interpolation theorems
for Sobolev spaces, we have

sλ

∫∫
Σ

e−2sα∗
mξ∗m|ψ2x|2(3.11)

≤ Csλ

∫ T

0

e−2sα∗
mξ∗m‖ψ‖2Hr(0,1)

≤ Csλ

∫ T

0

e−2sα∗
mξ∗m(‖ψ‖θH1(0,1)‖ψ‖1−θ

H3(0,1))
2

= Cλ

∫ T

0

e−2sα∗
m(sξ∗m)3θ‖ψ‖2θH1(0,1)(sξ

∗
m)1−3θ‖ψ‖2(1−θ)

H3(0,1)

≤ 1

4
s3λ

∫ T

0

e−2sα∗
m(ξ∗m)3‖ψ‖2H1(0,1) + Cspλ

∫ T

0

e−2sα∗
m(ξ∗m)p‖ψ‖2H3(0,1)

≤ 1

4
s3λ4

∫∫
e−2sαmξ3m|ψx|2 + Cspλ

∫ T

0

e−2sα∗
m(ξ∗m)p‖ψ‖2H3(0,1),

where p = 1−3θ
1−θ = 3r−7

r−1 .
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Let us define g(t) = s
1
2− 1

mλe−sα∗
m(ξ∗m)

1
2− 1

m and ψ∗ = gψ. Then Lψ∗ = g′ψ+gLψ,
and from (3.10) we directly obtain that

(3.12) spλ

∫ T

0

e−2sα∗
m(ξ∗m)p‖ψ‖2H3(0,1) ≤ C‖ψ∗‖2L2(H3).

By parabolic regularity for the differential operator L and Poincaré inequality for ψ,
we get

(3.13)

‖ψ∗‖2L2(H3) ≤ C‖Lψ∗‖2L2(H1)

≤ C‖g′ψx‖2L2(L2) + C‖gLψ‖2L2(H1)

≤ 1

4
s3λ4

∫∫
e−2sαmξ3m|ψx|2 + Csλ2

∫∫
e−2sαmξ2m|Lψ|2

+ Csλ2
∫∫

e−2sαmξ2m|Lψx|2.

From (3.9), (3.11), (3.12), and (3.13), we get (3.7). Theorem 3.1 is proved.
We also need the following Carleman estimate for the fourth order operator.
Theorem 3.3. For αm and ξm defined in (3.6), and β satisfying hypothesis (3.3)

and (3.4), there exist λ1, s1 > 0 such that

s−1

∫∫
ξ−1
m e−2sαm |ϕ4x|2 + sλ2

∫∫
ξme

−2sαm |ϕ3x|2 + s3λ4
∫∫

ξ3me
−2sαm |ϕ2x|2(3.14)

+s5λ6
∫∫

ξ5me
−2sαm |ϕx|2 + s7λ8

∫∫
ξ7me

−2sαm |ϕ|2

≤ C
(∫∫

e−2sαm |Pϕ|2 + s7λ8
∫∫

ω

ξ7me
−2sαm |ϕ|2

)
for every s ≥ s1, λ ≥ λ1, and ϕ ∈ L2(0, T ;H4(0, 1) ∩ H2

0 (0, 1)) ∩ H1(0, T ;L2(0, 1)),
where P = −∂t + γ∂4x − ∂3x + a∂2x − ∂x.

Proof. A similar estimate was proved in [28]. For the sake of completeness, we
give the proof in the appendix.

Let us give a brief idea of the proof of our Carleman estimate. Recall that if (ϕ, ψ)
is a solution, then Pϕ = −ψx + g1 and Lψ = −ϕx + g2. We apply the Carleman
estimates (3.7) and (3.14) (with the same weight functions) to the corresponding
equations in the system, and we add both estimates. Taking s and λ large enough,
the integrals involving the coupling terms ψx and ϕx are absorbed by the left-hand
side of the inequality. Moreover, we prove that we can eliminate one of the two
observations, getting the following result.

Theorem 3.4. Let αm and ξm be defined in (3.6). There exist λ2, s2 ≥ 0 such
that

sλ2
∫∫

e−2sαmξm|ψ2x|2 + s3λ4
∫∫

e−2sαmξ3m|ψx|2 + s−1

∫∫
ξ−1
m e−2sαm |ϕ4x|2(3.15)

+ sλ2
∫∫

ξme
−2sαm |ϕ3x|2 + s3λ4

∫∫
ξ3me

−2sαm |ϕ2x|2

+ s5λ6
∫∫

ξ5me
−2sαm |ϕx|2 + s7λ8

∫∫
ξ7me

−2sαm |ϕ|2

≤ Cs39λ40
∫∫

ω

ξ39m e−2sαm |ϕ|2

+C

∫∫
e−2sαm(s3λ4ξ3m|g1|2 + s3λ4ξ3m|g2|2 + sλ2|(g2)x|2)
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for every s ≥ s2, λ ≥ λ2, (ϕT , ψT ) ∈ H2
0 × H1

0 , and g1 ∈ L2(0, T ;L2(0, 1)), g2 ∈
L2(0, T ;H2(0, 1)), where (ϕ, ψ) is the solution of (2.2).

Proof. For the sake of clarity, we split the proof in different steps.
Step 1 (adding up Carleman estimates): Let us take ω0 an open set such that

ω0 ⊂ ω. From Theorems 3.1 and 3.3 applied in ω0 for solutions of system (2.2), we
have that

sλ2
∫∫

e−2sαmξm|ψ2x|2 + s3λ4
∫∫

e−2sαmξ3m|ψx|2(3.16)

+ s−1

∫∫
ξ−1
m e−2sαm |ϕ4x|2 + sλ2

∫∫
ξme

−2sαm |ϕ3x|2

+ s3λ4
∫∫

ξ3me
−2sαm |ϕ2x|2 + s5λ6

∫∫
ξ5me

−2sαm |ϕx|2

+ s7λ8
∫∫

ξ7me
−2sαm |ϕ|2

≤ C

(
sλ2

∫∫
e−2sαmξ2m| − ϕx + g2|2 + sλ2

∫∫
e−2sαmξ2m| − ϕ2x + (g2)x|2

+ s3λ4
∫∫

ω0

e−2sαmξ3m|ψx|2 +
∫∫

e−2sαm | − ψx + g1|2

+ s7λ8
∫∫

ω0

ξ7me
−2sαm |ϕ|2

)
.

Step 2 (absorbing coupling terms): It is easy to see that for any ε > 0, we have

sλ2
∫∫

e−2sαmξ2m|ϕx|2 ≤ εs5λ6
∫∫

e−2sαmξ5m|ϕx|2,

sλ2
∫∫

e−2sαmξ2m|ϕ2x|2 ≤ εs3λ4
∫∫

e−2sαmξ3m|ϕ2x|2

and ∫∫
e−2sαm |ψx|2 ≤ εs3λ4

∫∫
e−2sαm |ψx|2

for s and λ large enough (depending on ε). Then from (3.16), we get

sλ2
∫∫

e−2sαmξm|ψ2x|2 + s3λ4
∫∫

e−2sαmξ3m|ψx|2 + s−1

∫∫
ξ−1
m e−2sαm |ϕ4x|2(3.17)

+ sλ2
∫∫

ξme
−2sαm |ϕ3x|2 + s3λ4

∫∫
ξ3me

−2sαm |ϕ2x|2

+ s5λ6
∫∫

ξ5me
−2sαm |ϕx|2 + s7λ8

∫∫
ξ7me

−2sαm |ϕ|2

≤ C

(
sλ2

∫∫
e−2sαmξ2m|g2|2 + sλ2

∫∫
e−2sαmξ2m|(g2)x|2

+ s3λ4
∫∫

ω0

e−2sαmξ3m|ψx|2 +
∫∫

e−2sαm |g1|2

+ s7λ8
∫∫

ω0

ξ7me
−2sαm |ϕ|2

)
.
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Step 3 (observations of ϕ only): We will prove now that the observation of ψx

on the right-hand side of (3.16) can be eliminated. Let ω1 be an open set such that
ω0 ⊂⊂ ω1 ⊂⊂ ω, and take a function η ∈ C∞

0 (ω1) such that η = 1 in ω0. We have

(3.18) s3λ4
∫∫

ω0

e−2sαmξ3m|ψx|2

≤ s3λ4
∫∫

ω1

ηe−2sαmξ3mψx(ϕt − γϕ4x − aϕ2x + ϕ3x + g1) = I1 + I2,

where

(3.19) I1 = s3λ4
∫∫

ω1

ηe−2sαmξ3mψx(ϕt − Γϕ2x)

and

(3.20) I2 = s3λ4
∫∫

ω1

ηe−2sαmξ3mψx(−γϕ4x + (Γ− a)ϕ2x + ϕ3x + g1).

Claim 1. For any ε > 0, there exists Cε > 0 such that

(3.21) |I1| ≤ εs3λ4
∫∫

e−2sαmξ3m|ψx|2 + εsλ2
∫∫

e−2sαmξm|ψ2x|2

+ Cε

(
s7λ8

∫∫
ω1

e−2sαmξ7m|ϕ|2 + s5λ6
∫∫

ω1

e−2sαmξ5m|ϕx|2

+ s3λ4
∫∫

ω1

e−2sαmξ3m|g2|2
)
.

Indeed, integrating by parts, we obtain

(3.22) I1 = s3λ4
∫∫

ω1

ηe−2sαmξ3m∂x(−ψt − Γψ2x)ϕ+R,

where

R = −s3λ4
∫∫

ω1

η(e−2sαmξ3m)tψxϕ+ s3λ4
∫∫

ω1

Γ(ηe−2sαmξ3m)xψxϕx(3.23)

− s3λ4
∫∫

ω1

Γ(ηe−2sαmξ3m)xψ2xϕ.

Integrating by parts in (3.22) and using system (2.2), we get that

I1 = −s3λ4
∫∫

ω1

(ηe−2sαmξ3m)x(cψx − ϕx + g2)ϕ(3.24)

− s3λ4
∫∫

ω1

ηe−2sαmξ3m(cψx − ϕx + g2)ϕx +R.
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From the Cauchy–Schwarz inequality, we can deduce that

|I1| ≤ εs3λ4
∫∫

e−2sαmξ3m|ψx|2 + Cεs
5λ6

∫∫
ω1

e−2sαmξ5m|ϕ|2(3.25)

+Cεs
3λ4

∫∫
ω1

e−2sαmξ3m|ϕx|2 + Cs3λ4
∫∫

ω1

e−2sαmξ3m|g2|2 + |R|.

Again from the Cauchy–Schwarz inequality in the definition of R, and using that
m > 3, we get

|R| ≤ εs3λ4
∫∫

e−2sαmξ3m|ψx|2 + εsλ2
∫∫

e−2sαmξm|ψ2x|2(3.26)

+Cεs
7λ8

∫∫
ω1

e−2sαmξ7m|ϕ|2 + Cεs
5λ6

∫∫
ω1

e−2sαmξ5m|ϕx|2.

From (3.25) and (3.26), we get (3.21), i.e., Claim 1 holds.
Claim 2. For any ε > 0, there exists Cε > 0 such that

|I2| ≤ εs3λ4
∫∫

e−2sαmξ3m|ψx|2 + εsλ2
∫∫

e−2sαmξm|ψ2x|2(3.27)

+Cε

(
s3λ4

∫∫
ω1

e−2sαmξ3m|ϕ2x|2 + s5λ6
∫∫

ω1

e−2sαmξ5m|ϕ3x|2

+ s3λ4
∫∫

ω1

e−2sαmξ3m|g1|2
)
.

Integrating by parts in space the fourth order term in (3.20) and using the
Cauchy–Schwarz inequality, we get (3.27), i.e., Claim 2 holds.

From (3.18), (3.21), and (3.27), we get

s3λ4
∫∫

ω0

e−2sαmξ3m|ψx|2(3.28)

≤ εs3λ4
∫∫

e−2sαmξ3m|ψx|2 + εsλ2
∫∫

e−2sαmξm|ψ2x|2

+Cs7λ8
∫∫

ω1

e−2sαmξ7m|ϕ|2 + Cs5λ6
∫∫

ω1

e−2sαmξ5m|ϕx|2

+Cs3λ4
∫∫

ω1

e−2sαmξ3m|ϕ2x|2 + Cs5λ6
∫∫

ω1

e−2sαmξ5m|ϕ3x|2

+Cs3λ4
∫∫

ω1

e−2sαmξ3m|g1|2 + Cs3λ4
∫∫

ω1

e−2sαmξ3m|g2|2.
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From (3.17) and (3.28), we obtain

sλ2
∫∫

e−2sαmξm|ψ2x|2 + s3λ4
∫∫

e−2sαmξ3m|ψx|2(3.29)

+s−1

∫∫
ξ−1
m e−2sαm |ϕ4x|2 + sλ2

∫∫
ξme

−2sαm |ϕ3x|2

+ s3λ4
∫∫

ξ3me
−2sαm |ϕ2x|2 + s5λ6

∫∫
ξ5me

−2sαm |ϕx|2

+ s7λ8
∫∫

ξ7me
−2sαm |ϕ|2

≤ Cs7λ8
∫∫

ω1

ξ7me
−2sαm |ϕ|2 + Cs5λ6

∫∫
ω1

e−2sαmξ5m|ϕx|2

+Cs3λ4
∫∫

ω1

e−2sαmξ3m|ϕ2x|2 + Cs5λ6
∫∫

ω1

e−2sαmξ5m|ϕ3x|2

+Cs3λ4
∫∫

e−2sαmξ3m|g1|2 + Cs3λ4
∫∫

e−2sαmξ3m|g2|2

+Csλ2
∫∫

e−2sαm |(g2)x|2.

Notice that, compared to (3.16), we do not have anymore the observation of ψx on ω0.
This is a key point to get a control result where we only act directly on one equation.
A negative point at this stage is that we have now additional observations of ϕx and
ϕ3x on the subset ω1.

Step 4 (only zero order observation): We prove that we can eliminate the higher
order observation of ϕ in (3.29).

Claim 3. If ε > 0, there exists Cε > 0 such that

s5λ6
∫∫

ω1

e−2sαmξ5m|ϕx|2 + s3λ4
∫∫

ω1

e−2sαmξ3m|ϕ2x|2(3.30)

+ s5λ6
∫∫

ω1

e−2sαmξ5m|ϕ3x|2

≤ ε

∫∫
e−2sαm

(
(sξm)−1|ϕxxxx|2 + s3λ4ξ3m|ϕ2x|2 + sλ2ξm|ϕ3x|2

)
+Cεs

39λ40
∫∫

ω

e−2sαmξ39m |ϕ|2.

Indeed, if ω2 is an open set such that ω1 ⊂⊂ ω2 ⊂⊂ ω and η ∈ C∞
0 (ω2) is such that

η = 1 in ω1, we get

s5λ6
∫∫

ω1

e−2sαmξ5m|ϕ3x|2(3.31)

≤ s5λ6
∫∫

ω2

ηe−2sαmξ5m|ϕ3x|2

= −s5λ6
∫∫

ω2

ηe−2sαmξ5mϕxxxxϕ2x +
s5λ6

2

∫∫
ω2

(ηe−2sαmξ5m)2x|ϕ2x|2

≤ ε

∫∫
e−2sαm(sξm)−1|ϕxxxx|2 + Cεs

11λ12
∫∫

ω2

e−2sαmξ11m |ϕ2x|2.
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In the same way, if ω3 is an open set such that ω2 ⊂⊂ ω3 ⊂⊂ ω, we get that

(3.32) s11λ12
∫∫

ω2

e−2sαmξ11m |ϕ2x|2

≤ εsλ2
∫∫

e−2sαmξm|ϕ3x|2 + Cεs
21λ22

∫∫
ω3

e−2sαmξ21m |ϕx|2,

and finally

(3.33) s21λ22
∫∫

ω3

e−2sαmξ21m |ϕx|2

≤ εs3λ4
∫∫

e−2sαmξ3m|ϕ2x|2 + Cεs
39λ40

∫∫
ω

e−2sαmξ39m |ϕ|2.

Inequality (3.30) is deduced from (3.31), (3.32), and (3.33).
Step 5 (Conclusion): From (3.29) and (3.30), we get the Carleman estimate (3.15),

which concludes the proof of Theorem 3.4.
In order to prove an observability inequality for our system from the previous

Carleman estimate, we use the following two lemmas.
Lemma 3.5. If g1, g2 ∈ L2(0, T ;L2(0, 1)), (ϕT , ψT ) ∈ H2

0 ×H1
0 , and ϕ, ψ are the

solutions of system (2.2), then

(3.34) − d

dt

∫ 1

0

(ϕ(x, t)2 + ψ(x, t)2)dx

≤ C

∫ 1

0

(ϕ(x, t)2 + ψ(x, t)2)dx+

∫ 1

0

(g1(x, t)
2 + g2(x, t)

2)dx

for every t ∈ [0, T ].
Proof. Multiplying the first and the second equations of system (2.2) by ϕ and

ψ, respectively, and integrating in (0, 1), we obtain

(3.35) −1

2

d

dt

∫ 1

0

|ϕ(x, t)|2dx+ γ

∫ 1

0

|ϕ2x(x, t)|2dx+a
∫ 1

0

ϕ2x(x, t)ϕ(x, t)dx

= −
∫ 1

0

ψx(x, t)ϕ(x, t)dx +

∫ 1

0

ϕ(x, t)g1(x, t)dx

and

(3.36) − 1

2

d

dt

∫ 1

0

|ψ(x, t)|2dx + Γ

∫ 1

0

|ψx(x, t)|2dx

= −
∫ 1

0

ϕx(x, t)ψ(x, t)dx +

∫ 1

0

ψ(x, t)g2(x, t)dx

for each t ∈ [0, T ]. Adding up (3.35) and (3.36) and using that

−a
∫
ϕ2xϕdx ≤ γ

∫
|ϕ2x|2 dx+

a2

γ

∫
|ϕ|2 dx,

we get (3.34).
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Lemma 3.6. For g1, g2 ∈ L2(0, T ;L2(0, 1)) and (ϕT , ψT ) ∈ H2
0 ×H1

0 , let (ϕ, ψ)

be the solution of system (2.2). If Φ(t) =
∫ 1

0 (ϕ(t)
2 + ψ(t)2)dx, then

‖Φ‖L∞(0,T2 ) ≤ C

(
‖Φ‖2L2(T

2 , 3T4 ) +

∫ 3T
4

0

∫ 1

0

(g21 + g22)dxdt

)
.(3.37)

Proof. Let z ∈ C∞(0, T ) be such that z(t) = 1 for all t ∈ [0, T/2] and z(t) = 0 for
all t ∈ [3T/4, T ]. Multiplying (3.34) by z, we obtain

(3.38) − d

dt
(zΦ) ≤ CzΦ− ztΦ+ z

∫ 1

0

(g21 + g22)dx.

For each t ∈ [0, T ], we apply the Gronwall inequality in [t, T ]. Since z(T ) = 0, we
obtain

(3.39) z(t)Φ(t) ≤ C

∫ T

t

h(s)ds,

where

h(t) = z(t)

∫ 1

0

(g21 + g22)dx− zt(t)

∫ 1

0

(g21 + g22)dx.

From (3.39), we deduce (3.37).
In the desired observability inequality, we have to recover the solutions at t = 0,

which is impossible with the weight function that we are working with. For this
reason, we use a new weight function that is not singular at t = 0. We set φm defined
by

φm(t) =

⎧⎪⎨⎪⎩
4m

T 2m
if 0 ≤ t < T/2,

1

tm(T − t)m
if T/2 ≤ t ≤ T.

We denote byM1 andM2 the minimum and maximum, respectively, of the spatial
part of αm:

M1 =
(
ek

m+1
m λ||β||∞ − eλ(k||β||∞+‖β‖∞)

)
and(3.40)

M2 =
(
ek

m+1
m λ||β||∞ − eλ(k||β||∞)

)
.(3.41)

If k and m are chosen such that k > m, then we have

2M1 −M2 = ek
(m+1)

m λ||β||∞ − 2eλ(k||β||∞+‖β‖∞) + eλ(k||β||∞)

= eλ(k||β||∞+‖β‖∞)
(
eλ(

k
m−1)||β||∞ − 2 + e−λ(||β||∞)

)
> 0

for λ large enough. Thus, we can take some r ∈ R such that

(3.42) M2 < r < 2M1.
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Proposition 3.7. There exist λ, s, C > 0 such that the solution (ϕ, ψ) of (2.2)
satisfies

(3.43)∫∫
|ψ|2e−2sM2φmφ3m +

∫ 1

0

|ψ(x, 0)|2dx+

∫∫
|ϕ|2e−2sM2φmφ7m +

∫ 1

0

|ϕ(x, 0)|2dx

≤ C

(∫∫
e−2sM1φm(φ3m|g1|2 + φ3m|g2|2 + |(g2)x|2) +

∫∫
ω

φ39m e
−2sM1φm |ϕ|2

)
for every g1, g2 ∈ L2(L2) such that

∫∫
e−2sM1φm(φ3m|g1|2 + φ3m|g2|2 + |(g2)x|2) < ∞,

and every (ϕT , ψT ) ∈ H2
0 ×H1

0 .
Proof. From Proposition 2.1, Lemma 3.6, and the Poincaré inequality, we obtain∫ 1

0

(|ϕ(x, 0)|2 + |ψ(x, 0)|2)dx +

∫ T/2

0

∫ 1

0

|ϕ|2e−2sM2φmφ7mdxdt(3.44)

+

∫ T/2

0

∫ 1

0

|ψ|2e−2sM2φmφ3mdxdt

≤ ‖(ϕ, ψ)‖2L∞(0,T/2;L2(0,1))2

≤ C‖(ϕ, ψ)‖2L∞(T/2,3T/4;L2(0,1))2 + C‖(g1, g2)‖2L∞(0,3T/4;L2(0,1))2

≤ C

∫ 3T
4

T/2

∫ 1

0

(ϕ(x, t)2 + ψ(x, t)2)dxdt

+C

∫ 3T
4

0

∫ 1

0

e−2sM2φm(g1(x, t)
2 + g2(x, t)

2)dxdt

≤ C

∫ 3T
4

T/2

∫ 1

0

(ϕ(x, t)2 + ψx(x, t)
2)dxdt

+C

∫ 3T
4

0

∫ 1

0

e−2sM2φm(g1(x, t)
2 + g2(x, t)

2)dxdt.

Using again the Poincaré inequality, and Carleman estimate (3.15), we deduce that∫ T

T/2

∫ 1

0

e−2sM2φmφ3m|ψ|2 +
∫ T

T/2

∫ 1

0

e−2sM2φmφ7m|ϕ|2(3.45)

≤ C

∫∫
e−2sαmξ3m|ψx|2 +

∫∫
ξ7me

−2sαm |ϕ|2

≤ Cs39λ40
∫∫

ω

ξ39m e−2sαm |ϕ|2 + C

∫∫
e−2sαm(s3λ4ξ3m|g1|2

+ s3λ4ξ3m|g2|2 + sλ2|(g2)x|2)
≤ Cs39λ40

∫∫
ω

φ39m e
−2sM1φm |ϕ|2

+C

∫∫
e−2sM1φm(s3λ4φ3m|g1|2 + s3λ4φ3m|g2|2 + sλ2|(g2)x|2).

Inequality (3.43) is obtained from (3.44) and (3.45).
Through the rest of the paper, we denote by ρ the function defined by

ρ(t) = e−
sr

(T−t)m

for t ∈ (0, T ), where r satisfies (3.42).
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Proposition 3.8. There exists C > 0 such that the solution (ϕ, ψ) of (2.2)
satisfies

‖(ρϕ, ρψ)‖2L∞(H2
0 )×L∞(H1

0 )
(3.46)

≤ C

∫∫
e−

2sM1
(T−t)m

(
(T − t)−3m|g1|2 + (T − t)−3m|g2|2 + |(g2)x|2

)
+C

∫∫
ω

e−
2sM1

(T−t)m (T − t)−39m|ϕ|2

for every g1, g2 such that
∫∫

e−
2sM1

(T−t)m ((T − t)−3m|g1|2 + (T − t)−3m|g2|2 + |(g2)x|2)
is finite, and every (ϕT , ψT ) ∈ H2

0 ×H1
0 .

Proof. Let us define ϕ̃ = ρϕ and ψ̃ = ρψ. Notice that ϕ̃, ψ̃ satisfy system (2.2)
with ϕT = ψT = 0 and with the right-hand side equal to (ρg1− ρtϕ) and (ρg2− ρtψ),
instead of g1 and g2, respectively. Thanks to Proposition 2.1, we have

‖(ρϕ, ρψ)‖L∞(H2
0 )×L∞(H1

0 )
≤ C

(
‖(ρg1, ρg2)‖L2(L2) + ‖(ρtϕ, ρtψ)‖L2(L2)

)
.

We can easily check the existence of some positive constant C such that∫∫
|ρgj |2 ≤ C

∫∫
|gj |2e−

2sr
(T−t)m for j = 1, 2,∫∫

|ρtϕ|2 ≤ C

∫∫
|ϕ|2e− 2sr

(T−t)m (T − t)−2m−2 ≤ C

∫∫
|ϕ|2e− 2sM2

(T−t)m ,

and in the same manner ∫∫
|ρtψ|2 ≤ C

∫∫
|ψ|2e− 2sM2

(T−t)m .

Therefore, by using (3.43), we get (3.46).
Inequality (3.46) directly implies an observability inequality like (3.2) in some

weighted spaces. In order to make that precise, we introduce the following notation.
Definition 3.9. Given T > 0, a normed vector space X, and a function η :

(0, T ) −→ R
+, we denote

L2(η;X) :=

{
f ;

∫ T

0

‖f(t)‖2Xη(t) dt <∞
}

endowed with their natural norm.
Taking into account the continuous embeddings H2

0 (0, 1) ↪→ W 1,∞(0, 1) and
L∞(0, T ) ↪→ L2(0, T ), inequality (3.46) gives us the observability (3.2) in the spaces

U = L2
(
e

2sM1
(T−t)m (T − t)39m;L2(ω)

)
,

X1 = H−2(0, 1), X2 = H−1(0, 1),

Z = {(u, v) ; e sM1
(T−t)m (T − t)

3m
2 (u, v) ∈ L2(0, T ;L2(0, 1)× L2(0, T ;H−1(0, 1))},

Y1 = {y; ρ−1y ∈ L1(0, T ;W−1,1(0, 1))}, and

Y2 = {y; ρ−1y ∈ L2(0, T ;H−1(0, 1))}.(3.47)

Thus, by duality, we obtain the null controllability result in this functional frame-
work. The next proposition makes this fact precise and gives extra information on the



1562 E. CERPA, A. MERCADO, AND A. F. PAZOTO

decay of the controlled trajectories. This decay will be important later when dealing
with the nonlinear system.

Proposition 3.10. For each f1 ∈ Y1, f2 ∈ Y2, u0 ∈ H−2(0, 1), and v0 ∈
H−1(0, 1), there exists a control h ∈ U such that the solution (u, v) of system (3.1)
belongs to Z and satisfies

(T − t)20me
sM1

(T−t)m (u, v) ∈ C([0, T ];H−2(0, 1)×H−1(0, 1)).

In particular, u(T ) = v(T ) = 0.
Proof. We follow [19] (see also [16]) to get a controllability result from inequality

(3.46). We denote

η1(t) = e−
2sM1

(T−t)m (T − t)−3m

and

η2(t) = e−
2sM1

(T−t)m (T − t)−39m.

Let us define, for (ϕ, ψ) and (ϕ̂, ψ̂) in C∞([0, 1]× [0, T ])2 satisfying the boundary
conditions of (2.2), the bilinear form given by

a
(
(ϕ, ψ); (ϕ̂, ψ̂)

)
=

∫∫
ω

η2ϕϕ̂+

∫∫
η1

(
P ∗(ϕ, ψ)P ∗(ϕ̂, ψ̂)

+L∗(ϕ, ψ)L∗(ϕ̂, ψ̂) + ∂xL
∗(ϕ, ψ)∂xL∗(ϕ̂, ψ̂)

)
,

where

P ∗(ϕ, ψ) = −ϕt + γϕxxxx + aϕxx − ϕxxx + ψx

and

L∗(ϕ, ψ) = −ψt − Γψxx − cψx + ϕx.

By inequality (3.46), we have that a
(
(ϕ, ψ); (ϕ, ψ)

)1/2
is a norm. Let us denote

by X the completion of the pairs (ϕ, ψ) ∈ C∞([0, 1]× [0, T ]) satisfying the boundary
conditions of (2.2) with this norm.

We define from X to R the scalar function j given by

j(ϕ, ψ) = 〈f1, ϕ〉Y1,Y ∗
1
+ 〈f2, ψ〉Y2,Y ∗

2
+ 〈u0, ϕ(0)〉H−2,H2

0
+ 〈v0, ψ(0)〉H−1,H1

0
,

which is continuous and linear. Therefore, from the Lax–Milgram theorem, we get
that there exists (ϕ̃, ψ̃) ∈ X such that

(3.48) a
(
(ϕ̃, ψ̃); (ϕ, ψ)

)
= j(ϕ, ψ)

for all (ϕ, ψ) ∈ X .

We set h = −η2ϕ̃, u = η1P
∗(ϕ̃, ψ̃), and finally,

v = η1
(
L∗(ϕ̃, ψ̃)− (L∗(ϕ̃, ψ̃))xx

)
.

By definition of the spaceX , we get that (u, v) ∈ Z and h ∈ U . From construction,
we have that U and Y1 are subspaces of L1(0, T ;W−1,1(0, 1)) and Y2 is a subspace of
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L2(0, T ;H−1(0, 1)). Hence, by Theorem 2.4, we get that system (3.1) is well posed
for data in the stated spaces and for any h ∈ U . The solution satisfies (u, v) ∈
L2(0, T ;L2(0, 1))2 ∩C([0, T ], H−2(0, 1)×H−1(0, 1)).

It is easy to see, from identity (3.48), that we have found a control h steering the
solution (u, v) of the system to the null state (0, 0).

On the other hand, let us define g(t) = (T − t)30me
sM1

(T−t)m , ũ = gu, ṽ = gv,
h̃ = gh, and f̃j = gfj for j = 1, 2. Then (ũ, ṽ) satisfies{

ũt + γũxxxx + aũ2x + ũ3x = ṽx + f̃1 − gtu+ h̃1ω,

ṽt − Γṽ2x + cṽx = ũx + f̃2 − gtv.
(3.49)

It directly follows that h̃ ∈ L2(0, T ;L2(0, 1)). As f1 ∈ Y1 and M1 < r, we
deduce that f̃1 ∈ L1(0, T ;W−1,1(0, 1)). From the fact that u ∈ Z1 we get gtu ∈
L2(0, T ;L2(0, 1)). We conclude that (f̃1 − gtu+ h̃) ∈ L1(0, T ;W−1,1(0, 1)).

In the same way, we prove that f̃2−gtv ∈ L2(0, T ;H−1(0, 1)). Hence, by applying
Theorem 2.4, we obtain the desired result.

3.2. Nonlinear control system. Let us prove the local null controllability of
the nonlinear system. We deduce this result from the null controllability of the linear
equation by using a local inversion theorem.

In order to obtain Theorem 1.1, we use the following result.
Theorem 3.11 (see [1]). Let E and G be two Banach spaces and let Λ : E → G

satisfy Λ ∈ C1(E;G). Assume that ê ∈ E, Λ(ê) = ĝ, and Λ′(ê) : E → G is surjective.
Then, there exists δ > 0 such that, for every g ∈ G satisfying ‖g − ĝ‖G < δ, there
exists some e ∈ E solution of the equation Λ(e) = g.

Let us define some appropriate spaces E,G and a map Λ whose surjectivity is
equivalent to the null controllability for our nonlinear parabolic system. We denote

L1(u, v) = ut + γuxxxx + u3x + au2x − vx,

L2(u, v) = vt − Γv2x + cvx − ux.

Keeping in mind (3.47), we define the spaces

E :=
{
(u, v, h) ∈ Z × U : L1(u, v) + h1ω ∈ Y1, L2(u, v) ∈ Y2,

and (T − t)20me
sM1

(T−t)m (u, v) ∈ C(H−2 ×H−1)
}

and

G := H−2(0, 1)× Y1 ×H−1(0, 1)× Y2.

The map Λ is given by

Λ : E −→ G,
(u, v, h) �−→ (u(0, ·), L1(u, v) + h1ω + uux, v(0, ·), L2(u, v)) .

In order to prove that Λ is well-defined, we have to verify that uux ∈ Y1 for each
(u, v) ∈ Z. We have

uux ∈ Y1 ⇐⇒ e
r

(T−t) uux ∈ L1(0, T ;W−1,1(0, 1))

⇐⇒ e
sr

(T−t)m |u|2 ∈ L1(0, T ;L1(0, 1))

⇐⇒
∫ T

0

∫ 1

0

|u|2e sr
(T−t)m dxdt <∞.
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Since r < 2M1, we have e
sr

(T−t)m < e
2sM1

(T−t)m (T − t)3m. Hence, (u, v) ∈ Z implies
uux ∈ Y1.

Notice that the map (u1, v), (u2, v) ∈ Z �→ 1
2 (u1u2)x ∈ Y1 is a bilinear continuous

map, and consequently Λ is a C1 map.
Since (u, v, h) ∈ E satisfy u(T ) = v(T ) = 0, the local surjectivity of Λ around

the origin is equivalent to the local null controllability of system (1.2). Thus, by
Theorem 3.11, the proof of Theorem 1.1 will be ended if we prove that the map Λ′(0)
is surjective.

Proposition 3.12. The map Λ′(0) : E → G is surjective.
Proof. It is easy to see that this map is given by

Λ′(0) : E −→ G,
(u, v, h) �−→ (u(0, ·), L1(u, v) + h1ω, v(0, ·), L2(u, v)) .

Therefore, the surjectivity of Λ′(0) is equivalent to the null controllability of the lin-
earized equation with source terms lying in Y1 × Y2 and initial data in H−2(0, 1) ×
H−1(0, 1) with a control h ∈ U . This control property was proved in Proposi-
tion 3.10.

Appendix. Proof of Theorem 3.3. Recall the hypothesis on β and the
definitions of αm and ξm stated from (3.3) to (3.6). In this proof, we will denote αm

and ξm by α and ξ, respectively. Without loss of generality, we take the coefficient
γ = 1.

We write P = Pm + Pr, where Pm = −∂t + ∂4x and Pr = −∂3x + a∂2x − ∂x. Let us

define P̃ v = e−sαP (esαv), the conjugate operator of P . Hence, P̃ = P̃m + P̃r. From
straightforward computations, we have

(A.1) P̃mv = P1v + P2v +Rv,

where

(A.2)
P1v = 6λ2s2(β′)2ξ2v2x + λ4s4(β′)4ξ4v + v4x + 6λ2s2((β′)2ξ2)xvx,

P2v = −vt − 4λ3s3(β′)3ξ3vx − 4λsβ′ξv3x,

and

Rv = −sαtv − 6λ3s3(β′)2β′′ξ3v − 6λ4s3(β′)4ξ3v + 3λ2s2(β′′)2ξ2v + 4λ2s2β′β′′′ξ2v

+ 18λ3s2(β′)2β′′ξ2v + 7λ4s2(β′)4ξ2v − λsβ4xξv − 4λsβ′′′ξvx − 12λ2sβ′β′′ξvx
− 6λsβ′′ξv2x − 3λ2s(β′′)2ξv − 4λ2sβ′β′′′ξv − 4λ3s(β′)3ξvx
− 6λ2s(β′)2ξv2x − λ4s(β′)4ξv − 6λ3s(β′)2β′′ξv.

We define, for a subset U ⊂ Ω, the following integral terms:

IU (v, s, λ) = s7λ8
∫∫

U

ξ7|v|2+ s5λ6
∫∫

U

ξ5|vx|2+ s3λ4
∫∫

U

ξ3|v2x|2+ sλ2
∫∫

U

ξ|v3x|2.

Then, it directly follows that

(A.3) ‖P̃rv‖2L2(Ω) ≤
1

s
IΩ(v, s, λ)

and

(A.4) ‖Rv‖2L2(Ω) ≤
1

s
IΩ(v, s, λ).
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The main part of the proof consists in estimating from below ‖P1v+P2v‖2L2(Ω\ω)

by CIΩ\ω(v, s, λ) for some positive constant C. Indeed, we have

〈P1v, P2v〉L2(Ω) =

i=4,j=3∑
i=1,j=1

Ii,j ,

where Ii,j denotes the L2-product between the ith term in the expression of P1v and
the jth term in the expression of P2v (see (A.2)).

After some integrations by parts in x and t, we get:

I11 = −6s2λ2
∫∫

(β′)2(ξ2)t|vx|2 + 6s2λ2
∫∫

((β′)2ξ2)xvxvt,

I12 = 60s5λ6
∫∫

(β′)6ξ5|vx|2 + 60s5λ5
∫∫

(β′)4β2xξ5|vx|2,

I13 = 36s3λ4
∫∫

(β′)4ξ3|v2x|2 + 36s3λ3
∫∫

(β′)2β2xξ3|v2x|2

− 12s3λ3
∫∫

Σ

(β′)3ξ3|v2x|2,

I21 = 2s4λ4
∫∫

(β′)4ξ3ξt|v|2,

I22 = 14s7λ8
∫∫

(β′)8ξ7|v|2 + 14s2λ7
∫∫

(β′)6β2x|v|2,

I23 = −28s5λ6
∫∫

(β′)6ξ5|vx|2 − 30s5λ5
∫∫

(β′)4β2xξ5|vx|2

+2s5λ5
∫∫

((β′)5ξ5)3x|v|2,

I31 = −1

2

∫∫
(|v2x|2)t = 0,

I32 = −6s3λ3
∫∫

(β′)2β2xξ3|v2x|2 − 6s3λ4
∫∫

(β′)4ξ3|v2x|2

+2s3λ3
∫∫

Σ

(β′)3ξ3|v2x|2,

I33 = 2sλ2
∫∫

(β′)2ξ|v3x|2 + 2sλ

∫∫
β2xξ

3|v3x|2 − 2sλ

∫∫
Σ

β′ξ|v3x|2,

I41 = −6s2λ2
∫∫

((β′)2ξ2)xvxvt = −I211,

I42 = −48s5λ5
∫∫

(β′)6ξ5|vx|2 − 48s5λ5
∫∫

(β′)4β2xξ5|vx|2,

I43 = 48s3λ4
∫∫

(β′)4ξ3|v2x|2 + 48s3λ3
∫∫

(β′)2ξ3β2x|v2x|2

− 12s3λ3
∫∫

((β′)2ξ(β2
xξ

2)x)2x|vx|2.

Taking into account hypothesis (3.5), we get that the sum of the boundary terms
appearing above is nonnegative, i.e.,

(A.5) −10s3λ3
∫∫

Σ

(β′)3ξ3|v2x|2 − 2sλ

∫∫
Σ

β′ξ|v3x|2 ≥ 0.
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Let ω0 be an open set such that {β′ = 0} ⊂ ω0 ⊂⊂ ω. Every term in each Ii,j is
bounded, in absolute value, by a constant multiplied by IΩ(v, λ, s) for s and λ large
enough. (Use the corresponding term in IΩ(v, λ, s) with the same derivative of v.) By
using (3.4), we get that IΩ\ω0

(v, λ, s) is positive.
Then we have, for λ ≥ λ1, s ≥ s1 and for some positive constant C, that

(A.6)

i=4,j=3∑
i=1,j=1

Ii,j ≥ C IΩ\ω(v, s, λ) = C IΩ(v, s, λ)− C Iω0(v, s, λ).

In order to add a fourth order term to the inequality, let us note that from (A.2) and
the Cauchy–Schwarz inequality, we have

|v4x|2 =
∣∣P1v − 6λ2s2(β′)2ξ2v2x − λ4s4(β′)4ξ4v − 6λ2s2((β′)2ξ2)xvx

∣∣2
≤ C(|P1v|2 + λ4s4ξ4|v2x|2 + λ8s8ξ8|v|2 + λ6s4ξ4|vx|2)

and then

(A.7)
1

s

∫∫
1

ξ
|v4x|2 ≤ C

∫∫
|P1v|2 + C IΩ(v, s, λ).

From (A.1), (A.3), (A.4), (A.6), and (A.7), we get

(A.8)

∫∫
|P1v|2 +

∫∫
|P2v|2 + 1

s

∫∫
1

ξ
|v4x|2 + IΩ(v, s, λ)

≤
∫∫

|P̃ v|2 + C Iω0(v, s, λ).

In order to get an inequality with only an L2 observation, let ω1 be an open set
such that ω0 ⊂⊂ ω1 ⊂⊂ ω, and a cutoff function ρ ∈ C∞

0 (ω1) such that ρ = 1 in ω0.
Then

sλ2
∫∫

ω0

ξ|v3x|2 ≤ sλ2
∫∫

ω1

ρξ|v3x|2

= sλ2
(
−
∫∫

ω0

ρξv4xv2 +
1

2

∫∫
ω0

(ρξ)2x|v2x|2
)

≤ εs−1

∫∫
Ω

ξ−1|v4x|2 + Cε s
3λ4

∫∫
ω1

ξ3|v2x|2.

In the same way, if ω2 is an open set such that ω1 ⊂⊂ ω2 ⊂⊂ ω, then

s3λ4
∫∫

ω1

ξ|v2x|2 ≤ εsλ2
∫∫

Ω

ξ|v3x|2 + Cε s
5λ6

∫∫
ω2

ξ5|vx|2

and

(A.9) s5λ6
∫∫

ω2

ξ5|vx|2 ≤ εs3λ4
∫∫

Ω

ξ3|v2x|2 + Cε s
7λ8

∫∫
ω

ξ7|v|2.

From (A.8) to (A.9), we get

(A.10)

∫∫ (|P1v|2 + |P2v|2 + s7λ8ξ7|v|2 + s5λ6ξ5|vx|2 + s3λ4ξ3|v2x|2

+ sλ2ξ|v3x|2 + s−1ξ−1|v4x|2
) ≤ C

∫∫
|P̃ v|2 + s7λ8C

∫∫
ω

ξ7|v|2.
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Let us get the Carleman inequality for the function ϕ = esαv. From the definitions
of α and ξ, we have that

(A.11)

e−2sα
(
s7λ8ξ7|ϕ|2 + s5λ6ξ5|ϕx|2 + s3λ4ξ3|ϕ2x|2 + sλ2ξ|ϕ3x|2 + s−1ξ−1|ϕ4x|2

)
≤ s7λ8ξ7|v|2 + s5λ6ξ5|vx|2 + s3λ4ξ3|v2x|2 + sλ2ξ|v3x|2 + s−1ξ−1|v4x|2.

From (A.11), (A.10) and taking into account that P̃ v = e−sαPw, we get inequality
(3.14), which concludes the proof of Theorem 3.3.
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