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ABSTRACT. These notes are intended to be a tutorial material revisiting in
an almost self-contained way, some control results for the Korteweg-de Vries
(KdV) equation posed on a bounded interval. We address the topics of bound-
ary controllability and internal stabilization for this nonlinear control system.
Concerning controllability, homogeneous Dirichlet boundary conditions are
considered and a control is put on the Neumann boundary condition at the
right end-point of the interval. We show the existence of some critical domains
for which the linear KdV equation is not controllable. In despite of that, we
prove that in these cases the nonlinearity gives the exact controllability. Re-
garding stabilization, we study the problem where all the boundary conditions
are homogeneous. We add an internal damping mechanism in order to force the
solutions of the KAV equation to decay exponentially to the origin in L2-norm.

1. Introduction. In 1834 John Scott Russell, a Scottish naval engineer, was ob-
serving the Union Canal in Scotland when he unexpectedly witnessed a very special
physical phenomenon. He saw a particular wave traveling through this channel
without losing its shape or velocity. He was so captivated by this event that he
focused his attention on these waves for several years and asked the mathematical
community to find a specific mathematical model describing them.

A number of researchers took up Russell’s challenge, among them the French
mathematician Joseph Boussinesq and the English physicist Lord Rayleigh. In
1895 the Dutch mathematicians Diederik J. Korteweg and his student Gustav de
Vries published the article [27] deriving the equation (up to rescaling)

Yt + Yzax F6yy. =0, z€R, ¢>0,

where y = y(¢, ) models for a time ¢ the amplitude of the water wave at position
x. This equation describes approximately long waves in water of relatively shallow
depth. A very good book to understand both physical motivation and deduction of
the KdV equation, is the book by Whitham [48].

This nonlinear dispersive partial differential equation, named Korteweg-de Vries
equation (often abbreviated as the KdV equation), has the important property of
allowing solutions describing the phenomenon discovered by Russell. The study of
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the well-posedness of this equation has motivated a huge development of different
tools and techniques. We refer the interested reader to the books [46] by Tao and
[30] by Linares and Ponce, where the KdV equation and other nonlinear dispersive
partial differential equations are studied.

In these notes, we are interested in control properties of the KdV equation posed
on a bounded interval. In this case, as suggested in [5], the extra term g, should
be incorporated in the equation in order to obtain an appropriate model for water
waves in a uniform channel when coordinates x is taken with respect to a fixed
frame. Thus, the equation considered here is

Yt + Yz + Yzza + YYz = 0, xG[OaL],l‘ZQ

for some L > 0.

From a mathematical point of view, a control system is a dynamical system on
which we can act by means of a control in order to reach some goal. In this paper
we consider a control system where the state, at each time, is given by the solution
of the KdV equation and where the control is some term in the equation. If the
control is a term distributed in a region of the domain (for instance, a source term),
one calls that an internal control. On the other hand, if the control is a term on
a region of the boundary (for instance, a boundary condition), one calls that a
boundary control.

There are different notions which appear in control theory of partial differential
equations. One says that a control system is exactly controllable in time T if for
any pair of given states, one can find a control steering the system from the first
one at time ¢ = 0 to the second one at time ¢t = T'. If one can drive the system as
close as one wants to any state, one says that the approximate controllability holds.
If a system can be driven, by means of a control, from any state to the origin, one
says that the system is null controllable. We can also consider stability properties.
A system is said to be asymptotically stable if the solution of the system without
control converges as the time goes to infinity to a stationary solution of the partial
differential equation. If this convergence holds with a control depending, at time
t, on the state at time ¢ only, one says that the system is stabilizable by means of
a feedback law. Some good references concerning the control of partial differential
equations are the review by Russell [40], and the books by Lions [31] and by Coron
[17].

Regarding the KdV equation, the first results about control properties as con-
trollability and stabilization were obtained by Russell and Zhang in [41] and [42]
for a system with periodic boundary conditions and with an internal control. In
the case of a boundary control, always with periodic boundary conditions, the first
reference is [42] by the same authors and [45] by Sun.

These notes are concerned first with the controllability in the non periodic frame-
work. Rosier studies in [36] the controllability of the KdV equation posed on a finite
interval (0, L). The homogeneous Dirichlet boundary condition is considered and
the control acts on the Neumann data at the right end-point of the interval. He
uses the classical approach of considering first the linearized system around the
origin and then to come back to the nonlinear system by means of a fixed point
theorem. He proves that if this value L does not belong to a set of critical values,
the linear system is exactly controllable and the nonlinear one as well. When L is
a critical value, he also proves that the linear system is not controllable because of
the existence of a finite-dimensional subspace of unreachable states. Later on, in a
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series of papers [18, 7, 9], the exact controllability of the nonlinear KdV equation
has been proven in the case of critical domains. Concerning controllability, these
notes can be seen as a compilation of those papers.

The other topic we address here is the stabilization of KdV by considering an in-
ternal damping term and homogeneous boundary data. We prove that this internal
feedback control forces the solutions of KdV to decay exponentially to zero in L?-
norm. This feedback prevents the existence of solutions whose energy do not decay
to zero. Those solutions are linked to the critical domains appeared in the study
of the controllability. In the stabilization part, we focus on the results obtained in
articles [35, 33].

This paper is intended to be a tutorial material revisiting in an almost self-
contained way, the technical results proved in the mentioned papers. For a complete
revision on control results for the KdV equation, we recommend the excellent survey
[39] by Rosier and Zhang.

At the end of this paper, we discuss some open problems related to the KdV
control system considered here.

1.1. Boundary controllability. Let L > 0 be fixed. Let us consider the following
Korteweg-de Vries (KdV) control system with the Dirichlet boundary condition

Yt + Yo T Yzaz + YYz = 0,
y(t,0) =y(t, L) =0, (1)
Yy (t, L) = h(t),
where the state is y(¢,-) : [0, L] — R and the control is h(t) € R. We are concerned
with the exact controllability properties of (1). Let us give some definitions.
Definition 1.1. System (1) is exactly controllable if for any yo, yr € L?(0, L), there
exists a control h € L?(0,T) such that the solution of (1) with y(0,-) = yo satisfies
y(T,-) =yr.
The classical strategy to study the controllability of (1) is first considering the
system linearized around the origin, which is given by
Yt + Yz + Yzzz = Ou
y(t,0) = y(t, L) =0, (2)
yw(tv L) = h(t)a
then, to prove that this linear system is exactly controllable and finally to recover
this property for the original nonlinear system by means of a fixed-point argument
for instance. This strategy does not give the exact controllability but a local version.

Definition 1.2. System (1) is locally exactly controllable if there exists r > 0 such
that for any yo,yr € L?(0, L) with
lyollzzc0,) <7, llyrllz2o,n) <7,

there exists a control h € L?(0,T) such that the solution of (1) with y(0,-) = yo
also satisfies y(T,-) = yr.

Rosier proved that the linearized control system (2) is not controllable if L be-
longs to a set of critical lengths. More precisely he proved the following.

Theorem 1.3. [36, Theorem 1.2] Let T > 0. The system (2) is exactly controllable

if and only if
2 2
e ®
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Indeed, there exists a finite-dimensional subspace of L?(0, L), denoted by M,
which is unreachable for the linear system. More precisely, for every non zero
state 1 € M, for every h € L*(0,T) and for every y € C([0,T],L%*(0,L)) N
L?(0,T, H'(0, L)) satisfying (2) and y(0,-) = 0, one has y(T,-) # 1.

For the nonlinear system the local exact controllability holds.

Theorem 1.4. [36, Theorem 1.3] Let T > 0 and assume that L ¢ N. Then there
exists v > 0 such that, for every (yo,yr) € L*(0,L)* with ||yo|lr2(0,0) < 7 and
lyrllc2(0,0) <. there exist h € L*(0,T) and

y € C([0,T],L*(0,L)) N L*(0, T, H*(0, L))
satisfying (1), y(0,-) = yo and y(T',-) = yr.
If one is allowed to use more that one boundary control input, there is no critical

spatial domains and the exact controllability holds for any L > 0. More precisely,
let us consider the nonlinear control system

y(t, 0) = hl(t)7 y(tvL) = h2(t)7 yac(tv L) = h3(t)7

where the controls are hy(t), ho(t) and hg(t). As it has been pointed out by Rosier
n [36], for every L > 0 the system (4) with hy = 0 is locally exactly controllable
in L?(0, L) around the origin. Moreover, using all the three control inputs, Zhang
proved in [50] that for every L > 0 the system (4) is exactly controllable in the
space H?(0, L) for any s > 0 in a neighborhood of a given smooth solution of the
KdV equation. As it has been proven in [37, 24], the system with only h; as control
input (he = hg = 0) can be proved to be null-controllable, which means that the
system can be driven from any initial data to zero. If we consider any combination
of two controls (h; and hg or hy and hg), then the system is exactly controllable
for any domain. See [25].

Coron and Crépeau in [18] have proved local exact controllability of (1) for the
critical lengths L = 2k7m with k € N* satisfying

#(m,n) € N* x N* with m? 4+ mn +n?® = 3k? and m # n. (5)

For these values of L, the subspace M of missed directions is one-dimensional and is
generated by the function (1—cos(z)). Their method consists, first, in moving along
this direction by performing a power series expansion of the solution and then, in
using a fixed point theorem.

Remark 1. Condition (5) has been communicated to the author by J.-M. Coron
and E. Crépeau. They pointed out that if it is not satisfied, then the dimension of
the missed directions subspace is higher than one and the proof given in [18] does
not work anymore.

Later on, in [7, 9] the method by Coron and Crépeau is applied to address the
case of any critical length. Thus, the final local result is given next.

Theorem 1.5. [18, 7, 9] For any L € N there exists Ty, > 0 such that for any T >
Ty, there exists v > 0 such that for every (yo,yr) € L*(0,L)* with |yollr2(0,0) < T
and |lyr||lr2(0,0) <7, there exist h € L*(0,T) and

y € C([0,7],L2(0, L)) N L*(0, T, H' (0, L))
satisfying (1), y(0,-) = yo and y(T,-) = yr.
The goal of Section 3 is to explain the proofs of Theorems 1.3, 1.4 and 1.5.
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1.2. Internal stabilization. From the existence of critical domains, we have the
existence of some solutions of the linear KdV equation whose energy does not decay
to zero as the time goes to infinity. Thus, it is not clear whenever the solutions of
the nonlinear KdV equation go to zero. In order to avoid this phenomena, we add
to the equation an internal control term F', possibly localized on a small subdomain
of [0, L]

The goal is to design a control which dissipates enough energy to force the decay
of the solutions in L?-norm. We look for a control in the form F = F(y), which
is called a feedback law. A feedback control is one so that at time t it does not
depend on the initial state but on the state at the same time ¢. The input (control)
depends on the output (the full state or a measure of it) in a closed form.

We consider controls in the form F'(y) = —ay, where a € L*°(0, L) satisfies

{ a(z) > a9 >0, Vrew, (6)
where w is nonempty open subset of (0, L).

In this way, we are concerned with the equation

Yt + Yo + Yzaa + aY + Yy =0,
y(t,0) =y(t, L) = y.(t,L) =0, (7)
y(07 .’E) = Yo-
As in the study of the controllability, a natural strategy is to consider first the
linearized equation around the origin. Thus, we consider
Yt + Yo + Yoz +ay =0,
y(t,0) = y(t, L) = ya(t, L) =0, (8)
y(07 x) = Yo,
and prove the exponential decay of its solutions in the following result.
Theorem 1.6. [35, Theorem 2.2] Let L > 0 and a = a(x) satisfying (6). There
exist C >0 and p > 0 such that
ly(t, )| 20.0) < Ce™ |lyollz2 0.y, V>0
for any solution of (8) with yo € L*(0,L).
In the proof of Theorem 1.6, we will see that we can take a = 0 if the domain is
not critical (L ¢ N).
Using a perturbative argument, a local version of this theorem for equation (7)
is also given in [35] by adding a smallness condition on the initial data.

Theorem 1.7. [35, Section 3.3] Let L > 0 and a = a(x) satisfying (6). There exist
C,r >0 and > 0 such that

ly(t, 2) || z20,0) < Ce ™ lyollr2(0,), Yt >0
for any solution of (7) with ||yol||r2(0,r) < 7.

Other alternative approach is dealing directly with the nonlinear system (7) with-
out passing by the linear system (8). Thus, the following semi-global stabilization
result can be proven.

Theorem 1.8. [35, 33] Let L > 0, a = a(x) satisfying (6), and R > 0. There exist
C=C(R) >0 and p = p(R) > 0 such that

ly(t, 2)llL20,) < Ce *lyoll2(0,0), V>0
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for any solution of (7) with ||yollz20,) < R-

The goal of Section 4 is to explain the proofs of Theorems 1.6, 1.7 and 1.8.
Remark 2. Theorem 1.8 has been first proved in [35] by assuming the extra con-
dition

36>0, (0,0)U(L—-9,L) Cw 9)
which has been removed by Pazoto in [33].
Remark 3. Theorem 1.8 still holds for nonlinearities other than yy,. For instance,
in [38] they consider the nonlinearity yPy, with p < 4 (generalized KdV equation)

and in [29] the nonlinearity y*y, (critical generalized KdV equation). Others feed-
back laws can be also considered. In [32] they prove Theorem 1.8 by considering

the feedback control F(y) = (—%y)_llw instead of F(y) = —ay. Notice that we
have denoted by 1, the characteristic function of the subset w.

Remark 4. In this paper, we focus on internal damping mechanisms. Some bound-
ary feedback laws are built in [10] and [8] by using a Gramian approach [47] and
the Backstepping method [28], respectively.

2. Well-posedness. In this section we state the well-posedness framework for the
control systems considered in these notes.

2.1. Linear system. Looking at the linear control system

Yt + Yz + Yooz = Oa

(t70) = (ta L) = 0,
Zz(t,L) :yh(t), (10)
y(oa ) = Yo,

we find the underlying spatial operator defined by
D(4) = {w € B30, L)/w(0) = w(L) = /(L) = 0},

A:we D(A) C L*(0,L) — (—w' —w") € L*(0, L).

The first step is to consider regular data. Let yo € D(A) and h € C%([0, 7)) with
h(0) = 0. Consider the function ¥(t,x) = f@h(t) and note that it is very
regular in space and satisfies

Y(t,0)=(t, L) =0, . (t,L)=h(t), ¢e 02([07T]5 >0, L]).

Let us define 9h ‘= (_wt - ¢x - wzxx) € Cl([O,T]; C«oo(o’ L)) and z := (y - 1/)) that
satisfies

2t = Az + 9h,
2(£,0) = 2(t, L) = 2, (t, L) = 0, (11)
Z(O, ) = Yo,

It can be proven that operator A is dissipative, which means that
L
/ wA(w)dz <0, VYw e D(A).
0

Its adjoint operator A*, defined by
D(A*) ={w € H*(0,L)/w(0) = w(L) = w'(0) = 0},
A*:w e D(A*) € L*(0,L) — (w' +w"") € L*(0, L),
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is also dissipative and therefore A generates a strongly continuous semigroup of
contractions and the following result follows (see [34] and [36]).

Proposition 1. Under previous hypothesis on data yo and h, there exists a unique
classical solution z € C([0,T); D(A))NC*([0,T]; L*(0, L)) of (11). Thus, we get the
ezistence of a classical solution y € C([0,T]; D(A)) N CL([0,T]; L*(0,L)) to (10).
Moreover, this solution y is unique.

Uniqueness of the solutions for (10) can be proven by using energy estimates
obtained for (11). Next, we obtain some useful inequalities in order to state the well-
posedness framework with less regular data. Pick up a regular function ¢ = ¢(¢, x).
By multiplying (10) by gy and integrating by parts we get after some computations

s L L L
] @t auloP deder [ gt olus, 0 do- [ a(0.0)ly(0,2)7 do
0o Jo 0 0
s L s
+ 3/ / Golyo|? didt = / a(t, L) ()P di — / a(t,0) ]y (1, 0)2 dt. (12)
0o Jo 0

0
By choosing ¢ = 1 in (12), we get

L s L s
/0 ly(s,2)* de + / (1,02 dt = / lyo (@) 2 dz + / hPd. (13)

From that we deduce

L L T
max / ly(s,2) 2 dz < / o () ? de + / ()2 d, (14)

s€[0,T]

which implies that the solution belongs to C([0,T]; L?(0, L)) provided that yo €
L?(0,L) and h € L*(0,T). Moreover, from (14) we get

||y||2L2(o,T;L2(0,L)) < T(Hyo||2L2(o,L) + ”hH%Z(O,T))a (15)
and from (13) we deduce that
T L T
[ lwtopaes [Cw@P s+ [P a. (16)
0 0 0

which implies that y,(t,0) € L?(0,T) provided that yo € L?(0, L) and h € L?(0,T).
This is a hidden regularity effect.
By choosing ¢ =« and s =T in (12), we get

T L L T
//|y|2dxdt+/ x|y0(ac)|2da:+L/ Ih(t)|2dt
0 0 0 0
L T L
:/ x|y(T,x)|2dw+3/ / |y |* dxdt  (17)
0 0 0

From (17) we obtain
T
0

L T L L T
3 / |ym\2dazdt§/ / |y|2+L/ |y0(x)|2dx+L/ |h(t)
0 0 0 0 0

and by using (15), we get

/OT/OL |ya|? da dt < (H?)T> (/OL |yo($)|2dx+/0Th(t)|2dt> (19)

2dt  (18)
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which implies that the solution belongs to L?(0,7; H'(0, L)) provided that yo €
L?(0,L) and h € L?(0,T).
Furthermore, by choosing ¢ = (T —t) in (12), we get

L T T L
T / lyo(a) 2 de < T / (£, 0)[2 dt + / / ly[? dt. (20)
0 0 0 0

which will be useful later.

We have considered the framework of classical solutions y € C([0,T]; D(4)) N
C'([0,T]; L*(0, L)) when yo € D(A) and h belongs to {h € C%([0,L])/h(0) = 0}.
By using the density of D(A) in L?(0, L), the density of {h € C*([0, L])/h(0) = 0}
in L2(0,T), and inequalities (14), (16) and (19), we can extend the notion of solution
for less regular data yo € L?(0, L) and h € L?*(0,T). Thus, we obtain what is called
a mild solution in the space C([0,T]; L?(0,L)) N L?(0,T; H*(0, L)).

Proposition 2. [36, Proposition 3.7] Let yo € L*(0,L) and h € L*(0,T). Then
there exists a unique mild solution y € C([0,T]; L?>(0,L)) N L?(0,T; Hl(O,L))
(10). Moreover, there exists C > 0 such that the solutions of (10) satisfy

1/
lylleqo,;z2(0,0)) + Wl 220,781 (0,2)) < C (||y0||2L2(o,L) + Hh||2L2(o,T)>

and the extra regqularity

1/2
Iy (- O llzz0.r) < (IollZeo.zy + Il30m ) -

In order to be able to consider the nonlinear KdV equation we need a well-
posedness result with a right hand side.

Proposition 3. [36, Proposition 4.1] Let yo € L?(0,L), f € L*(0,T; L?*(0, L)) and
h € L*(0,T). Then there exists a unique mild solution y € C([0,T]; L*(0,L)) N
L2(0,T;H'(0,L)) of

y(t,0) =y(¢t, L) =0,
ya(t, L) = h(t). (21)
y(0,-) = yo.

Moreover, there exists C' > 0 such that the solutions of (21) satisfy
ylloqo.rizz0.0) + 19llL2.r:m0,.0)) <

1/2
C (Iwoli30.0) + 1130 ziz20.00) + B2y ) -

Proof. From previous results, we only have to consider the case yo = 0 and h = 0.
In addition, the semigroup theory gives that the (unique) mild solution y belongs
to C([0,T]; L?(0, L)) if the right-hand side belongs to L(0,7T; L?(0, L)) and there
exists a constant C' > 0 such that

lylleqo,rz200,2)) < Cllflz10,m;02(0,1))-

The only thing we have to prove is that y € L*(0,T; H'(0,L)). In fact, there
exists a constant C > 0 such that

||y||L2 (0,T;H'(0,L)) ||f||L1(0TL2(0 L))
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As in (17) we can write

T L T L L T L
2/ / xfydxdtz—/ / |y|2dxdt+/ x|y(T,m)|2dx+3/ / |y | dadt
o Jo o Jo 0 o Jo

and hence

T oL T oL T L
3/ / Y| daxdt S/ / |y|2dxdt+2L/ / fydxdt
o Jo o Jo o Jo
T

< THf”%l(O,T;L?(O,L)) +21//0 I fllzz0.0) Yl L2(0,2) < (T+2L)||fH2Ll(O,T;L2(O,L))7
which ends the proof. O

As we have seen, the following space is very important in this regularity frame-
work. We define the space

B := C([0,T], L*(0, L)) N L*(0, T, H' (0, L)) (22)
endowed with the norm

1/2

te[0,T

T
lylls = max, ly(@)lz2(0,1) + </0 |y(t)%(1(0,L)dt>

2.2. Nonlinear system. We want to consider the KdV equation. For that, the
first step is to show that the nonlinearity yy, can be considered as a source term of
the linear equation.

Proposition 4. [36, Proposition 4.1] Let y € L?(0,T; H'(0,L)). Then yy, €
LY(0,T;L?(0,L)) and the map y € L*(0,T; H'(0, L)) — yy. € L*(0,T; L*(0, L))
18 continuous.

Proof. Let y,z € L?(0,T; H'(0, L)). Denoting with the constant K the norm of the
embedding H'(0, L) — L>(0, L), we have

T T
s = 2zllirorarony < [ 10 2liondt+ [l = 2lond
T ’ T ’
< [ = sllieolalzondt+ [ loloonli - zleond
’ T 0 T
SK/O ||Z/*ZHHl(o,L)||y||H1(o,L)dt+K/0 Izl z2 0,0l — 2l 20,1y dt
< K(|lyllz2co,z:m1 0,0)) + 121l 20,1581 0,001y — 2l 220,751 0,1))  (23)

By taking z = 0 we see that yy, € L'(0,T;L?(0,L)) provided that y lies in
L2(0,T; HY(0,L)). From (23), we also get that the map

y € L*(0,T; H'(0,L)) —> yy. € L' (0, T; L*(0, L))

is continuous. O
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Let us state the well posedness property proved by Coron and Crépeau in [18]
for the following nonlinear KdV equation

Yt + Yo + Yz + Yy = [,

(t’ 0) = (t7L) = 07
Zr(t, L) e h(t), (24)
y(0,-) = yo-

Proposition 5. [18, Proposition 14] Let L > 0 and T > 0. There exist ¢ > 0 and
C > 0 such that, for every f € L'(0,T,L?*(0,L)), h € L*(0,T) and yo € L*(0, L)
such that

| fllzr 0,72 c0,2)) + IRl 20,7) + llyollL200,0) <€,

there exists a unique solution of (24) which satisfies

lylls < CUIfllLro,1,20,2)) + 1Rl 20,1y + lvoll2(0,1))- (25)

Proof. Let f € L*(0,T,L?(0,L)), h € L*(0,T) and yo € L?(0, L) as in the theorem
with ¢ to be chosen later. Given z € B, we consider the map M : B — B defined
by M(z) = § where § is the solution of

Yt + Yo + Yz :f_zzasa
g(t’ 0) = :I](t, L) =0,
gm(tvL) = h(t),

g(ov ) = Yo-

Clearly y € B is a solution of (24) if and only if y is a fixed point of the map M.
From Proposition 3 and equation (23) we get the existence of a constant D such
that

IM(2)lls < D {IIfll0.1:220,L)) + 1Pl 20,7y + 0]l 220,y + 12115}
and
[M(21) — M(22)lls < D(|[21]l8 + [|22]18) (|21 — 228)

We consider M restricted to the closed ball {z € B/|]z||z < R} with R to be
chosen later. We can write

M ()]s < D{e+|l=l3}

and
[M(21) — M(22)[|s < 2DR(|[21 — 22|8)

If R,e are small enough so that

1 R
R < —, < —,
°oD" ° 2D
we can apply the Banach fixed point theorem and prove that a unique fixed point
of M exists. 0

Remark 5. The smallness condition given by € in Proposition 5 can be removed
in order to get a global well-posedness result. See [23, 12].

In addition, we have the following result whose proof we omit.



CONTROL OF A KDV EQUATION: A TUTORIAL 55

Proposition 6. [18, Proposition 15] Let T > 0 and let L > 0. There exists
C > 0 such that for every (yo1,yo2) € L*(0,L)?, (h1,he) € L?(0,T)? and (f1, f2) €
LY(0,T, L*(0, L))? for which there exist solutions y1 = y1(t,z) and y2 = y2(t,x) of
(24), one has the following estimates:

T L
2 2
/ / Y12 (t, ) — Y20 (8, ) 2dadt < COT I 207 800,09 Tl li20 7,50 0,10)
0 0

: (||h1 — hallF20.1) + 11 = FfallZi 072000 + 1901 — yOZH%ﬁ(O,L)) )

L
2 2
/ |y1 (ta :17) - yQ(ta $)|2d23 § eC(1+Hy1HL2(0vTvH1(01L))+Hy2HL2(O,T,H1(O,L)))
0

(I = B30 + 11 = Pl o220, + Ior = w02ll320.15 )
for every t € [0,T].

3. Boundary controllability.

3.1. Linear system. The exact controllability property says that we can steer the
linear system

Yt + Yo + Yzze =0,
y(t,0) =y(t, L) =0, (26)
Yz (t, L) = h(t),
from any initial data to any final data. To study that, it is useful to introduce the
notion of set of reachable states from yg, that is defined by
R(yo) = {y(T,-)/y is solution of (26) with y(0,-) = yo and h € L*(0,T)}
By the linearity of the equation (26), it is easy to see that
R(yo) = 4(T',-) + R(0),
where 7 is the solution of (26) with no control (h = 0). Thus, R(yo) = L?(0, L) if
and only if R(0) = L?(0, L) and hence it is enough to study the controllability in
the case yo = 0.
Let us introduce the linear operator mapping the control to the final state
IT:he L*0,T) — y(T,-) € L*(0, L).

From the well-posedness results, we get that this is a bounded operator. Look-
ing at Definition 1.1 we see that exact controllability of (26) is equivalent to the
surjectivity of operator II. In order to characterize the surjectivity of this operator
we will use the following Functional Analysis result linking this property with IT*,
the adjoint operator of II.

Proposition 7. [6, Théoreme I1.19] Let E,F be two Banach spaces. Let A :
D(A) C E — F a closed operator with D(A) dense in E. Then, we have:

o A(FE) is dense in F if and only if A* is injective.

o A(FE) = F if and only if there exists a constant C > 0 such that

rr < C||A*(v)||g+, Yv e D(AY)

0]

Remark 6. This is a sort of rank-nullity theorem in infinite dimension. If F is
finite dimensional, then A(E) = F' is equivalent to the fact that A(FE) is dense in
F.
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To apply this proposition, we first look for the operator I1* : L?(0, L) — L?(0,T).
The symmetry condition is

/ ’ H(h)ypdr = / ’ RIT*(4)dt, Vip € L*(0,L). (27)
0 0

Let us multiply (26) by a function ¢ = ¢(¢,z) and integrate on (0,7 x (0, L).
By choosing ¢ solution of

¢(t7 O) = ¢(tv L) = d)x(ta 0) =0, (28)
(T, x) = ¥(x)

and after some integrations by parts we get (27) with IT1*(¢)) defined by

IT* : 4y € L*(0, L) — ¢, (-, L) € L*(0,T).

Thanks to the hidden regularity property proved in Proposition 2, we see that
this operator is well defined. Notice that up to the change of variables t — (T —t)
and z — (L — z), system (28) is the same as (26) with no control. Now, we can
state the following.

Proposition 8. The system (26) is exactly controllable if and only if there exists
a constant C' > 0 such that

|62, D)l z20,1) = CllYllL20,), Vb € L*(0,L). (29)

We see that we have translated the controllability problem into an inequality for
system (28). This kind of inequality is called an observability result. Proposition 8
is known as the duality between controllability and observability for the considered
system.

This approach does not give a way to compute the control driving the system
from an initial state to another one. Let us give a more constructive way to prove
that the observability inequality (29) implies the exact controllability. This is called
the Hilbert Uniqueness Method, abbreviated as HUM and introduced by Lions [31].

Given yr € L%(0,T), we look for a control h € L?(0,T) such that II(h) = yr.
This is equivalent to the problem

To find h € L%(0,T) such that
SRy de = [ yrodz, W € L2(0, L)

Looking for h in the particular form h = IT*(¢)), we obtain
{ To find h € L?(0,T) such that
Jo @I () dt = [} yrpda, Wb € L2(0, L)

which can be written in a variational version by defining the bounded bilinear form

(30)

~ T S
a:(Y,v) e L*0,L0)* — /0 IT* ()IT* (¥) dt € R

Thanks to (29) the bilinear form is coercive and then the Lax-Milgram theorem
can be applied to solve problem (30). Furthermore, the function 1 defining the
control h, can be found by minimizing in L?(0, L) the following functional

1

T L
I = / 0 ()2 dir — / yri d.
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Summarizing, we found out @/A) the argmin of J and then the control is given by
h = II* (z/;), i.e., we put ¥ as data in (28) getting the solution ¢ and finally the
control is the trace h = ¢, (t, L).

Now we focus in the proof of (29). By contradiction, we assume that (29) does
not hold, i.e.,

VC > 0,3 € L*(0, L) such that ||¢, (-, 2)||r2(0,7) < Cll¥llr2(0,1)-
By using this successively with C' = 1/n, we obtain a sequence {¢"}nen C
L?(0, L) such that 19" 220,y = 1 (if not, we could consider the same sequence but

normalized { o i

ﬁ}n cn- This is due to the linearity of the equation) and
L2(0,L

1
6z (s L)l 20,1y < — (31)
n

The goal now is to pass to the limit and get a contradiction by finding a nontrivial
solution of (28) with the extra condition |[¢,(-, L)|[z2(0,7) = 0. Hereafter we will
need estimates (19) and (20) for system (28). Let us write them out.

[ [ e aar< (550) [Mpwpa (2)

L T T L
T / (@) de < T / (6u(t, L) dt + / / 6P dt. (33)

We apply (32) to the sequence and get

Tk L+T\ [* L+T
n|2 n 2 _
A e N A e

and therefore we get that ¢™ is bounded in L?(0,7; H*(0,L)). From the equa-
tion we see that ¢7 = —¢" — ¢7  is bounded in L?(0,T; H=2(0,L)) and we can
apply the Aubin-Lions lemma below to conclude that ¢™ is relatively compact in

L?(0,T;L?(0,L)). Hence, we can assume that ¢™ converges in L?(0,T; L?(0,L)).

and

Lemma 3.1. (Aubin-Lions, see [44, Corollary 4]) Let Xo C X C X; be three
Banach spaces with Xo, X1 reflexive spaces. Suppose that X is compactly embedded
in X and that X is continuously embedded in X,. Then {h € LP(0,T;Xo)|h €
L(0,T;X1)} embeds compactly in LP(0,T; X) for any 1 < p,q < 0.

Inequality (33) implies that {¢"},en is a Cauchy sequence and therefore it con-
verges to a function v such that |[¢||z2¢,) = 1. The corresponding solution ¢ of
(28) satisfies ¢, (t,L) = 0 but it is not the trivial one. We would like to say that
the system

o(t,0) = @(t, L) = ¢,(t,0) = ¢, (t, L) =0,

is overdetermined and thus getting a contradiction. This is not always possible. For
instance, for the length L = 27, we can consider ¢(t, z) = (1 — cos(x)) which clearly
is not zero and satisfy (35).

We have to study the solutions of system (35). For that, we first prove that it is
enough to look for solutions of the form ¢(t,r) = e*Mp(x).
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Proposition 9. [36, proof of Lemma 3.4] There exists a non-trivial solution ¢ € B
of (35) if and only if there exist a complexr number A and a non-trivial solution
o€ H30,L) of

)\%0“1‘30/ +(p/// — O,
{ ©(0) = (L) = ¢'(0) = ¢'(L) = 0, (36)

Proof. Obviously a non-trivial solution ¢ of (36) gives a nontrivial solution ¢(t, z) =
eMo(x) of (35). The following argument has been used in [1].

Assume that there exists a nontrivial solution ¢ € B of (35). Let us denote by
N(0,T) the set of states 1y € L2(0, L) for which the solution of (35) is nontrivial on
[0,7] and define M(0,T) the set of solutions of (35) with ¢» € N(0,7). We have
the inclusions N(0,7T) C L*(0, L) and M (0,T) c C([0,T); L?(0, L)).

We have that N(0,T) is a finite-dimensional vector space because the unit ball

{we NO,T)/|lw|r20,1) = 1}

is compact. Indeed, given a sequence on this unit ball, we can prove as before that
there exists a convergent subsequence. This can be done due to the fact that the
elements in N(0,T) are initial data for solutions of (35). Then, we apply the Riesz
Theorem [6, Théoreme VI.5], which says that every normed vector space whose
closed unit ball is compact, has to be finite dimensional.

If 4 € N(0,T), then there exists € € (0,7) such that (T —¢) € N(—e,T —¢)
and so ¢(T —€) € N(0,T). Thus

o(T) — ¢(T — t)
t
By using the equation we have ¢ € H'(—¢,T; H=2(0, L)) and so

e N(0,T), Vt € (0, ) (37)

fim 20 = 2L =0) _ ¢ € L*(0,T; H™%(0,L))
6—0 1)

Moreover, from (37), we have ¢(-) — ¢(- — J) € M(0,T), which is closed in
L2(0,T; H=2(0, L)) (M(0,T) is finite-dimensional). Thus ¢’ € M(0,7T) and conse-
quently ¢ € C1([0,T], L*(0,L)). Hence we get

/ (1) = o(T = 1)
(1) = iy S0

From equation (35) we get 1 € D(A*), A*(¢) = ¢'(T), ¢ € C([0,T); L*(0, L))
and therefore ¢, (t, L) € C(]0,T]). Moreover ¢'(L) = ¢,(0,0) = 0.

We consider the operator A* restricted to CN(0,T") where CN(0,T') denotes the
complexification of N(0,T). As we are assuming that N(0,7T) is not {0}, we get
that this operator has at least one eigenvalue. Therefore, there exist A € C and a
nonzero ¢ € D(A) satisfying (36).

Thus, starting from a nontrivial solution of (35), we get a nontrivial solution of
(36), which concludes the proof of this proposition. O

€ N(0,T)

We can now give the proof of Theorem 1.3.

Proof of Theorem 1.3. We will get the controllability of system (26) for all domains
(0, L) for which system (36) has only the trivial solution. On the other hand, if
system (36) has a nontrivial solution, the inequality (29) will not hold and the
system (26) will be uncontrollable.
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The solution of (36) has the form ¢(z) = Z?Zl C;e*® where o are the roots
of 23 4+ 2 + X\ = 0. These roots satisfy

a; +as +ag =0, (38)
a1 + asag +ajaz =1, (39)
1003 = 7)\, (40)

and since the four homogeneous boundary conditions, the constants C'; should satisy

1 1 1 0
(e31 o%) (0%} a 0
ealL ea2L eOLgL 02 = 0 (41)
C
are™ L qgel  qgexsl 3 0

After some calculations, we get that this system has a nontrivial solution if and

only if the roots satisfy the extra condition
ean _ eOZzL — e()égL. (42)

We then see that, given a;, the other roots are given by
27 27
s = aq —&—ik:f, a3:a2—|—z’€f, with &,/ € N.

Using these expressions in (38), (39), (40) we get the roots in terms of k, ¢

27

3L

and the formula for the lenghts for which the system (36) has nontrivial solutions

[1.2 2
L =921 %

Moreover, the corresponding eigenvalue is

ay = —i(2k + £)

8w
A= —i5-73 2k + 0)(k — 0)(k + 2¢0). (43)
This concludes the proof of Theorem 1.3. O

Now, we focus our attention on the domains of critical length. In particular,
we describe the space M of unreachable states for the linear control system (26).
For each L € N, there exist a finite number of pairs {(k;,¢;)}7_; C N* x N* with

k; > £; such that
k2 + kil + 02
L=2m\| 1 —221 7 (44)
3

Let us introduce the notation
J7={je{l,....n}; k; >}, J-={je{l,....,n}; kj =1;}, n” = |J7|. (45)
From the proof of Theorem 1.3, we know that for each j € {1,...,n} there exist two
non zero real-valued functions ¢] = ¢7(z) and ¢} = @) (x) such that ¢/ := @] +ip?
is a solution of
—ipl @l + ¢ + " =0,
¢’ (0) = ¢ (L) =0, (46)
©?'(0) = (L) =0,
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where, for (k,f) € N* x N*, p/ is defined by

.k 0k - 020+ k)
V= 3V3(k2 + kl +12)3/2 47

Easy computations lead to

. . J_~J . J_~J -
@] = € (cos(rx) = B2 cos(vha) + =2 cos(ra) ),

. S = B e S (48)
e} = (sin(rfe) - 22 sin(rde) + 22 sin(ra) ),
2773 Y2773
where C is a constant and v/, = —iaJ, with m = 1,2,3 and o, three roots of
2% + 2 +ip(k;, ¢;) = 0.
One can easily verify that these roots are given by
; 2w (2k; + ¢ ; i 2mk; ; o 2ml;
W{:—L<J3J>, wn=A+=7H B=n+Th (49)

Moreover, by choosing the constant C', we can assume that
leillz20.0) = 13l 20,y = 1.

Lemma 3.2. With the previous notations, we get

1. If j € J>, then p? # 0.

2. IfjeJ=, then p? = 0.

3. Ifi £ j, then p* # p7.
Proof. Items 1. and 2. are obvious from (45) and (47). Let i,j € J such that
p; = pj. Then, 7} =~ for k = 1,2,3. With the definitions of v/, (49) we obtain
ki:kj,éizgj and hencei:j. O

Remark 7. We can easily notice that |J=| < 1.
Thus we can reorganize the indexes such that
p1>p2 > >pp 2 0.
With this notation, we define,
e for j € J>, the subspace of L?(0, L)
M; = {hig] + dophs i, A2 € R} = (9], 63),
e for j € J=, the subspace of L*(0, L)
M; :={A(1 —cosx); A € R} = (1 — cos(x)).
Then, one can define the following subspaces of L?(0, L)
M:=@M; and H:=M"
j=1
Note that either

TL>
UJ{el ¢} (if L # 2nk for any k)
Jj=1

or

n>
{1 —cos(z)} U {¢?, 3} (if L = 27k for some k)
j=1
is an orthogonal basis from M.
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Remark 8. If p/ = 0 for some j € {1,...,n}, then gp{ = gog = 1—cos(x). It occurs
when k; = ¢;, i.e., if L = 2nk;. If k; satisfies the condition (5), then the space M
is one-dimensional. This is the case treated in [18]. It corresponds for example to
the length L = 27.

If p/ # 0, it is easy to see that cp{ €L gpé. Moreover, for distinct j1,j2 € {1,...,n},
@l | @l2 for m,s = 1,2. Let us give some examples. The pair (2,1) defines a
critical length for which the space M is two-dimensional. The pair (11, 8) defines a
critical length for which the space M is four-dimensional since the pairs (11,8) and
(16,1) define the same critical length.

At this point, we can state the following controllability result in H, which follows
directly from what we have done.

Theorem 3.3. [36, Propositions 3.3 and 3.9] Let T > 0. For every (yo,yr) € H x
H, there exist h € L*(0,T) and y € B satisfying (26), y(0,-) = yo and y(T,-) = yr.

Next section will be devoted to study the controllability of the nonlinear system.

To do that, it is important to know how the linear system evolves in a critical case.
Let us define the set A/’ by

2 2
N = {27”/]”];“[; (k,6) € N* x N* satisfying k > £, and (51)} . (50)

vm,n € N*\{k}, k% + &kl + €% #m? + mn + n?. (51)

It is easy to see that A/’ is the set of critical lengths for which the space of un-
reachable states is two-dimensional. Indeed, let L € A7, from (51) there exists a
unique pair (k1,41) := (k, £) satisfying (44) and since k1 > ¢1, p! > 0 and therefore
the functions @1, ¢} are orthogonal.

Following the proof of Proposition 8.3 in [17], it is possible to see that N contains
an infinite number of elements. Let ¢ > 1 be an integer satisfying

vm,n € N\{q}, m®+mn+n?+£7¢ (52)

Let us consider the critical length L, defined by the pair (2¢, ¢), that is

2 2 2 2 2
L= %wqwgqﬂ :Qﬂq\/z.

From (52), it is easy to see that L, € N’. One can verify that (52) holds for
q = 1,2,3 and therefore Ly, Ly, L3 € N’. Moreover, the following lemma, whose
proof is omitted, says that the set A/ contains an infinite number of lengths L,.

Lemma 3.4. [7, Lemma 2.5] There are infinitely many positive integers q satisfying
(52).

We consider L € N'. From (51), for each L € N/ we can define a unique

Rk +O)(k—-0)(20+ k)
3V3(K2 + ke + £2)3/2
The space M is then defined by

M := (p1,p2) = {ap1 + Bya; o, € R}
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where 1 and @9 are given by

1 = (cos(n1@) = 122 cos(qaw) + L2 cos(137) ) -
2 = (sin(mn@) — D=2 sin(ye0) + 222 sin(ya7) )
with v,, = —ic,, and a,, are the roots of 3 + x +ip = 0. From (46) we also have

that ¢ and @4 satisfy

"

1+ = —pepa,
©1(0) = 1 (L) =0, (54)
©1(0) = 1 (L) =0,

and
2

vy + 05 =P,
p2(0) = p2(L) =0, (55)
©3(0) = (L) = 0.
Now, we investigate the evolution of the projection on the subspace M of a
solution of (26). Let us consider (y,h) € B x L*(0,T) satisfying (26). Let us
multiply (54) by y and integrate on [0, L]. Using integrations by parts we get

L L
;( / y(t,xmmdz) = = [ to)a@is (56)
Similarly, multiplying (55) by y, we get
L L
i( / y(t,xmm)dx) = o[ oo (57)
Hence, from (56) and (57), we obtain
L L
| vtae@ o= [T y0.)(cospp ) - sinlptiea) . (69
0 0
L L
/0 y(t, ) () da = / y(0,2)(sin(pt)pr (2) + cos(pt)pa(z)) do. (59)

From (58) and (59), we see that the projection on M of y(t, -), denoted Par(y(t,-)),
only turns in this two-dimensional subspace and therefore conserves its L?(0, L)
norm. The period of this rotation is 27 /p. Furthermore, we see that if the initial
condition (0, ) lies in H, so does the solution for every time ¢. Combining this
rotation with Theorem 3.3, we obtain the following proposition.

Proposition 10. Let yo,y; € L%(0, L) be such that

||PM(ZUO>||L2(0,L) = ||PM(yl)HL2(0,L)-
Then, there exists t* < 2?” and u € L?(0,t*) such that the solution y of (26) with
y(0,-) = yo, satisfies y(t*,-) = y1.

Proof. Let ypr = ym(t,z) be the solution of (26) with yar(0,) = Pa(yo) and
without control (h = 0). We know that there exists a time 0 < t* < 2?” such that
ym(t*,-) = Pa(y1). On the other hand, from Theorem 3.3 there exists a control
hg € L?(0,t*) such that the corresponding solution yg = yg (¢, ) of (26) satisfies

yu(0,") = Pu(yo) € H and yg(t*,-) = Pg(y1).
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Then y(t,z) := yu(t,x) + ypm (¢, x) satisfies (26) with h = hy, y(0,) = yo and
y(t*,-) = y1, which ends the proof of this proposition. O
Our proof of (29) is by contadiction, which do not allow to know the observability

constant. Let us give a direct proof of (29). The drawback is this proof does not
work for any couple (L,T).

Proposition 11. If T, L satisfy

L3 L?
Sl |
3Tw? + 32 <5 (60)
then inequality (29) holds.
Proof. From (33) we obtain
1
1901 7200,0) < 1620 DF207) + T\\¢||2L2((0,T)x(o,L)) (61)

By using Poincaré’s inequality in (61), we get

L L2 T L T
/0 ()P do < o / / (6o dudt + / 6ot L)2dt (62)

From (32) we can write

L L (L+T\ [* T
[ wras < o (555 [Copars [Cecnpa o)

and therefore if (60) holds, we obtain the observability inequality (29) with constant

C— 3T
C3Tw2—I[3—TL?

(64)
O

Remark 9. Condition (60) can be satisfied only for L < 7v/3 and a time of control
T large enough
LS
T> 322
We see in (60) that if L > /3 we can not obtain the explicit observability in
this way. Notice that the first critical value is L = 2.

3.2. Nonlinear system on a noncritical interval. In this section, we study the
local controllability property of system

Yt + Yz + Yzaz + YYz = 0,
y(t,0) =y(t, L) =0, (65)
yl(t7L) = h(t)v

when the domain is not critical (L ¢ N).

Proof of Theorem 1.4. Let L ¢ N. Let yo,yr € L*(0, L) be such that [|yo| z2(0,1) <

rand |lyr|[r2(0,z) < r with 7 > 0 to be chosen later on.
We define the map

M:yeBr—y' +y> +y* B
where !, y? are the solutions of

ytl + y:}: + yglczz =0,
yH(t,0) = y'(t, L) = y,(t, L) = 0, (66)
yl(ovx) = yo(ﬂf),
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y2(t, 0) = y2(t7L) = y?c(t7 L)=0, (67)

and 33 is the solution of

yg +y3 + ygm =0,

Yy (t,O) =Y (tvL) = 07

W3t L) = h(t), (68)
y*(0,2) =0,

with h the control such that y3(T,-) = yr — y*(T,-) — y*(T,-). This control exists
because of Theorem 1.3. It is important to notice that the control operator yp — h
mapping the final state to the control driving the linear system to that state, is
continuous.

In order to prove Theorem 1.4, we have to find a fixed point to the map II. We
will apply the Banach fixed-point Theorem.

Let B = {y € L*(0,T; H*(0, L))/ llyllL2(0,r;12 (0,1)) < R} with R to be chosen
later. By choosing R, r small enough, we can prove that

H(BR) C Br
and
3C € (0,1),Vy,z € Br, [[Il(y) —(2)llz < Clly — zll2 (0,131 (0,1))

and therefore the Banach fixed-point theorem applies. Indeed, from previous com-
putation and the continuity of the control operator, we get

ITL(y)ll5 < Cillyollzz(0,2) + Callyrlizz(0,0) + C3llyyellLr0,7;22(0,1))
< Cillyollz2(o,) + Collyrlir2o,) + Csllylli < (C1 + Co)r + CsR?

where hereafter C; denote positive constants. We get thus the first condition:
(C1 + Cy)r + C3R? < R. Moreover we get

IT(y) — (2)lls < 2C4Rlly — 2|5

that impose the second condition: 2C4R < 1. These conditions are satisfied for
instance if we choose r, R such that

R < min {i i} r< L
2047 2C5 ’ 2(01 + CQ) ’
That ends the proof of Theorem 1.4. O

3.3. Nonlinear system on a critical interval. In this section, we consider a
critical domain (L € N') and we want to prove Theorem 1.5. The method applied is
a classical approach to study the local controllability of a finite-dimensional control
system and it has been applied in [18] to prove the local exact controllability around
the origin of the control system (65) for some critical domains for which the space
of unreachable states is one-dimensional. First, we apply this method to deal with
the case dim(M) = 2. Next, we explain what happens in the case dim(M) = 1 and
in the general case.
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3.3.1. M is two-dimensional. Let us first explain the general idea of the method.
Let y = y(t,x) be a solution of (65) with control h = h(t). We consider a power
series expansion of (y, h) with the same scaling on the state and on the control

y=ca+e’B+edy+...
h=cu+e?v+dw+...

In this way, we see that the nonlinear term is given by

Yo = €2aa, + e2af, + e3Ba, + (higher order terms)

and therefore, for a small €, we have the expansion of second order y ~ ca + €243,
where « and [ are given by

oy + o + Ogry =0,
a(t,0) =a(t,L) =0,
Oéw(t7 L) = U’(t),
a(0,)=0

(69)

and

ﬁt + /81, + ﬁmw: = —QQy,
B(t,0)=pB(t, L) =0
7 ) ) 70
Ba(t, L) = v(t), (70)
ﬁ(ov ) =0.
The strategy consists first, in proving that the expansion to the second order of
y = y(t,x), i.e., ea + &2, can reach all the missed directions and then, in using a
fixed point argument to prove that it is sufficient to get Theorem 1.5.
Let us see that we can “enter” into the subspace M. More precisely, the result
we prove is the following one.

Proposition 12. Let T > 0. There ezists (u,v) € L*(0,T)? such that if o = a(t, z)
and 8 = B(t,x) are the solutions of (69) and (70), respectively, then

a(T,)=0 and B(T,-) e M\{0}.

Proof. In order to study the trajectory 8 = B(t,z), we set 8= %+ ¥ where
B* = B%(t,x) and B¥ = BY(¢,x) are the solutions of

Bt + By + Brpe = —0,

“(t,0) = BU(t,L) =0
im0 " =
p(0,-) =0,
and
BY + B2+ Blaw =0,
o(£,0) = B°(t, L) = 0
L
8Y(0,-) =0.

If uw € L?(0,T) is given, by Theorem 3.3 one can find v € L?(0,T) such that
BT, ) = —Pu(B*(T,"))

and thus (T, -) = Py(8%(T,-)). From this fact, one sees that the proof of Propo-
sition 12 can be reduced to prove

Ju € L*(0,T) such that «o(T,-) =0 and Py (8“(T,-)) # 0. (73)
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Let u € L?(0,T). Let us multiply (71) by ¢; and integrate the resulting equality
on [0, L]. Then, using integration by parts, (54), boundary and initial conditions in

(71), one gets

L I .
% (/0 Bu(tw)sol(w)dw) = —p/o BU(t, x)pa(x)dx + %/0 a?(t, z)¢, (z)dz.

In a similar way, if we now multiply (71) by @2, we get

% </0 Bu(tvx)w@)diﬁ) Zp/o ﬂu(t,x)%(x)da?—&-%/o & (t, x)ph(x)dx.

If we call
L
m®)i= [ o for k=12,
0
we can write the system
. L /
(T_Mt)) _ (0 p) (mw) L (3 Pt a)e @y
12(t) p 0 n2(t) 3 Jy @2t ) (x)dx
=0, n2(0)=0.

The solution of (74) is given by

(1) = (sntery im0 (19

0= [ [ e cosme)eh (o) +sins)e ) ds

where

t oL
Iy(t) == %/0 /0 o’ (s, x)(— sin(ps) ) (x) + cos(ps)wh(x))dz ds.

If we work with complex numbers calling ¢ := @1 + ip2, we get

1 . t L .
m(t) +ine(t) = ie”’t/ / e P a?(s, )¢ (x)dx ds.
o Jo
Now, let us assume that (73) fails to be true, i.e., let us suppose that
Vuec L?(0,T), m(T)=n(T)=0 or oaT,-)#0.
If we define
Uga := {u € L*(0,T); the solution « of (69) satisfies a(T,-) = 0},

then condition (75) implies that

T (L
Vu € Uy, / / e P02 (s, ) (x)dx ds = 0.
o Jo

Let ag = aq (¢, z) and ag = as(t, ) be two solutions of (69) such that

a1(T, ) = OéQ(T, ) =0.

(74)

(75)
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Now, for (p1, p2) € R?, let a := pyay + pace and u := (-, L). By linearity, we see
that a = «a(t, z) is a solution of (69) and u € U,q. Consequently, (76) implies that,
for every (p17p2) € R27

pl/ / e Pl (s, x)¢ (x )d:rds+2p1p2/ / PSa (s, ) (s) ¢’ (z)dx ds

+p§/ / e~ a3 (s, x)¢' (x)da ds = 0.
o Jo

Looking at the coefficient of p;ps, we get

/ / Poay (s, 2)a(s, )¢ (z)dz ds = 0. (77)

Let t1,t2 be such that 0 < t; < to < T. We choose the trajectories oy = a1 (t, )
and ay = as(t, z) such that

ap is not identically equal to 0, (78)

a2 (t, 2)|(0,11)0ft ) x0,] =0 and a1 (t, )|ty 1a)x(0,1) = Re(eMya(x)),  (79)

where A € C\{+ip} and y» = yx(x) is a complex-valued function which satisfies

Aya + YA + ¥ =0,
80
{ yx(0) = yx(L) = 0. (80)

If A # +ip, one can see that Re(yy), Im(yy) € H and then by Theorem 3.3 there
exists such a trajectory oy = ay (¢, x).

Let us introduce the operator Aw = —w’ — w on the domain D(A) c L?(0, L)
defined by

Ay = {we H*0,L); w(0) = w(L) = 0,v'(0) =w'(L)} .

It is not difficult to see that iA is a self-adjoint operator on L?(0, L) with compact
resolvent. Hence, the spectrum O’(A) of A consists only of eigenvalues. Furthermore,
the spectrum is a discrete subset of iR.

If we take A such that (—ip+\) ¢ o(A), the operator (A—(—ip+A)I) is invertible,
and thus, there exists a unique complex-valued function ¢y = ¢ (x) solution of

(=ip + N)ox + &) + &Y = yay/,
#A(0) = ¢a(L) =0, (81)
4 (0) = ¢4 (L).

We multiply (81) by as(t, z)e(="P+N! integrate on [0, L] and use integrations by
parts together with (69), boundary and initial conditions in (81) to get

L
e_ipt/ eMyrao(t, x)¢' (x)de =
0

L

L
i (/ e“ip“’t%(x)az(bwdf) = G (L (1,
0

=0
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Then, let us integrate this equality on [0, 7] and use the fact that as(0,-) = 0 and
az(T,-) = 0. We obtain

T
/ / TPty ao(t, @)y (o) de dt =
0 0

T
(L) / Py, (1, L) — a1, 0)) dt. (82)

On the other hand, by (77) and (79), it follows that

/ / vt Re(eMyx)as (t ) (2)dx di = 0, (83)
and, since one can also take a trajectory &; = &; (¢, x) such that

@1(15, 2)|(t1,12)x [0,1) = Im(eMyx(2)),

one deduces from (77) that

/ / “ I (e Myy ) (t, )@ (z)da dt = 0. (84)

Therefore, from (83) and (84), one gets

T
/ / LAy o (t, )@ (z)dz dt = 0
o Jo

and consequently from (82), for every A # +ip such that (—ip+ \) ¢ o(A), one has

P\(L) /OT el TPV (g (8, L) — aze(t,0)) dt = 0. (85)

Let a € R\[-1/v/3,1/v/3]. We take \ = 2ai(4a® — 1). Let
— 06(7\/3(12717(11')1 + (1 _ C)e(\/3a2flfai)az _ 2aix (86)

)

ya(z)

where
e2ail _ o(V 3a2—1—ai)L

e(—V3a?=T-ai)L _ o(v3a?—1-ai)L’
One easily checks that such a y) = y)(x) satisfies (80) and yy # 0. Let us define

5= {a e R\[1VB,1/VE]; A ¢ o(A),(\ —ip) ¢ o(A)},

where A = 2ai(4a® — 1). Then the function S : ¥ — C, S(a) = ¢4 (L) is continuous.
Now we use the fact that S is not identically equal to the function 0 (the proof of
this statement will be given in Appendix A). Then, there exist @ € ¥ and £ > 0
such that for every a € ¥ with |a —a| < ¢, S(a) # 0. From (85) one gets

C:

T
Vaey, la—a|<e, / e(~PH2a(a®=1))it (o) (t [) — gy (t,0)) dt = 0
0

and since the function 8 € C — fOT P (quau(t, L) — anz(t,0)) dt € C is holomorphic,
it follows that

VBeC, / H(aze (t, L) — a2, (t,0))dt = 0,
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which implies that «s,(t,0) — e, (¢, L) = 0 for every ¢. In summary, one has that
e = ao(t, x) satisfies

Qot + Qg + Qogzr = 07
a2(t70) = O(g(t,L) =0,

Qg (t, 0) = Qg (ta L)v (87)
O[Q(O, ) = 07
OZQ(T, ) =0.

If we multiply (87) by «s, integrate on [0, L] and use integration by parts together
with the boundary conditions, we obtain that

L

7 |042(t z)|*dx = 0,

which, together with as(0,-) = 0, implies that
as(t,x) =0 Vzel0,L],Vtel0,T]. (88)

But this is in contradiction with (78). Thus, we have proved (73) and therefore
Proposition 12. 0

From now on, for each T. > 0, we denote by (u.,v.) € L?(0,T)? the controls
given by Proposition 12 and by (a., 5.) the corresponding trajectories. Let us
define @1 := B.(T¢,-). Let us notice that by scaling the controls, we can assume
that ||@1]|z2(0,0) = 1. We will prove now that in any time 7" > 7/p, we can reach
all the states lying in M.

Proposition 13. Let T > w/p. Let ¢p € M. There exists (u,v) € L?(0,T)? such
that if « = a(t,z) and B = B(t, ) are the solutions of (69) and (70), then

ao(T,)=0 and B(T,-)=1.

Proof. Let T > 0 be such that T' = (7/p) +T. Let T, be such that 0 < T, < T'. Let
T, :=T — T,. If we take in (69) and (70) the controls

B (0,0) itte(0,T,),
(“1’“1)(t)_{ (et = Ty), vt = T)) if t € (To, T),

we obtain that 3(T,-) = @1, where 8! = B1(t,z) is the corresponding solution of
(70). Now, we use the rotation showed in (58) and (59) in order to reach other
states lying in M. Let us define ¢y := 8%(T),-), where 5% = p2(t,z) is defined by
the controls

(0,0) ifte(OT—%)
(W 0?)(t) = (ue(t =Ta+ 35),0e(t = Tu+ 33)) ift € (Ty — 55,7 — 35),
(0,0) ifte (T Ql 7).
In a similar way, the controls
(0,0) ift € (0,7, — %)
(u?, 0?)(t) = (ue(t = To + ), ( ~Tu+1%) ifte(Tu—3.T-17),
(0,0 ifte(T-7.7),

allow us to define @3 := 33(T, ). Notice that ¢3 = —;.
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Let Ty be such that 0 < Tp < min{x/(2p), T —T.} and let T, := (x/p) + Ty. Let
us define @4 := B*(T),-), where 5* = B4(t, ) is the solution of (70) with

(0,0) if t € (0,T, — Tp),
(ut, v (t) = (ue(t — Ty + Tp),v.(t — Ty +Tp)) ift € (T, — Ty, T — Tp),
(0,0) if t € (T —Ty,T).

We have thus proved that we can reach the missed directions {@}1_,. Let us
now define the cones
My = {d1¢1 + dapa;dy > 0,d2 > 0},
My = {d1p2 + dops;dy > 0,dy > 0},
M; = {d1p3 + dapa;di > 0,d> > 0},
My = {d1ps + dop1;d1 > 0,ds > 0}.

4
By construction of these cones, one has that M = U M.
k=1
Remark 10. [t is easy to see that if one chooses T., Ty such that T, < Ty, then
the supports of the trajectories o = o*(t,x) for k =1,...,4 are disjoint.

For each w = (wy,ws) € R?, let us define

Puw = \/m and 2y 1= (w11 + Ww2p2)/puw € M.

We have that z, € M; for some i € {1,...,4} and hence there exist d1,, > 0 and
daw > 0 such that z,, = d1@; + dowpi+1. If we take the control

(U, Vo) = (d%{fui + d;{fu”l, dyvt + dng”l)

and use the fact that the trajectories o for k = 1,...,4 are disjoints, then we see
that the corresponding solution 3, = By, (¢, x) of (70) satisfies By, (T, ) = zy-
Finally, let ¢» € M. With R := [[¢[[z2(0,z) We can write 1) = Rz, for a (w1, wz) €
R? such that w? +w3 = 1. It is easy to see that the control (u,v) = (RY?uy,, Rv,,)
allows us to reach the state 1) and so the proof of this proposition is ended. O

Remark 11. The proof of Proposition 13 is the only part which needs a time large
enough. Hence, Theorem 1.5 holds for Tr, := 7 /p.

Let us denote, for D > 0 and R > 0,
BR = {& € L*(0,D); ¢llr200.0) < R},

and recall that for each w = (w1, wy) € R?, we write

Pw = m, and zy, := (w191 + W22)/Pu-

We also write (ty,,vy,) € L2(0,T) the controls defined in Proposition 13 in order to
drive the solutions 8, = B, (t, x) from zero at t =0 to z, at t =T

From the work done for the linear system, we know that for each yo € L*(0, L)
there exists a continuous linear affine map (it is a consequence of applying the HUM
method [31] to prove Theorem 3.3)

To:V € HCL*0,L) — To(¥) € L*(0,T),
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such that the solution of
Yt + Yo + Ygza = 07
y(t, 0) = y(tv L) =0,
ya:(tvL) = FO(\I/>7
y(0,) = Pu(yo),
satisfies y(T',-) = ¥. Moreover, there exist constants Dy, Dy > 0 such that

Vyo € L*(0,L), V¥ € H ||Do(¥)|z2(0,m) < D1(|¥|r20,) + [Y0ll20.0)),  (89)

Vyo € L*(0,L), VU1, ¥y € H ||To(¥1) — Lo(P2)|lz20,m) <
Do|[Wy — Ws|lz20,).  (90)
Let yo € L%(0, L) be such that lyollz2(0,0) < 7, 7 > 0 to be chosen later. Let us
define the functions G and F
G:L*0,L) — L?(0, T)
2= Py(2) + wipr + wapa = G(2) = To(Py (2)) + pil “tty + putv,

F:BT NIL20,T) — L*(0,L),
h—s F(h) =y(T,),

where y = y(t, x) is the solution of

y(t,0) =y(t,L) =0,
91

(6, ) = (1), oy

y(Ov ) = Yo,
and €7 is small enough so that the function F' is well defined. It holds if 1 +7 < &
where ¢ is given by Proposition 5. The map F' is even continuous according to
Proposition 6. Let yr € L?*(0,L) be such that [|yr| < r. Let Ay, ,, denote the
map

Ayoyr : BE N L?(0,L) — L*(0,L),
Z— Ayony(Z) =z+yr — FoG(z),

where e is small enough so that Ay, .. is well defined (e exists according to
Proposition 5 and to the continuity of G).

Let us notice that if we find a fixed point Z € L?(0, L) of the map Ay, ., then
we will have F'o G(Z) = yr and this means that the control h := G(2) € L*(0,T)
drives the solution of (91) from yo at t =0 to yr at t =T.

Let us assert the following technical result which will be needed to study the
map Ay, -

Lemma 3.5. There exist e3 > 0 and C3 > 0 such that, for every z,yo € Bss, the
following estimate holds.

3/2
Iz = FG()20,0) < Calllyoll a0, + 121352 1,)-

Proof. Let z,yo € L*(0,L). Let w = (w1, w2) € R? be such that z = Py (2) + pu 2uw-
Let y = y(t, z) be a solution of
Yt + Yz + Yzaz T YYz =0,
y(t,0) = y(t, L) =0,
yw(t7L) = G(Z)v
y(07 ) = Yo-

(92)
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From (89) and since p, < |[[z||z2(0,r), one deduces that if ||z z2(0,z) is small
enough, then there exists a constant D3 such that
1/2
IG(2) ]l 2207y < Dallvollzaco.y + 12l Fto.r)- (93)

By using (25) and (93), one can find €2, Cs > 0 such that for every z,yo € B% the
unique solution of (92) satisfies

1/2
lylls < Calllyoll 2o,y + 121 Fato 1) (94)

Let § = 4(t, ), (tw = u(t, ), Buw = Buw(t,v) and B° = B°(t, z) be the solutions
of

?jt T ’
g(tﬂo) = g( 7L) =0,
Yo (t, L) = Lo(Pr(2)),
9(0,-) = Pu (o),

Ayt + Quz + Qpgar = 07
0y (£,0) = ay(t, L) =0,
Qe (B, L) = (1),
aw(oa ) =0,

ﬁwt + sz + szzx = Oy Qo
Bw(t’o) = 5w(t7L) =0,

sz(t; L) = Uw(t)7

ﬂw(oa ) =0,

BY + B3 + Bipa =0,
B°(t,0) = Bo(t, L) =0,
By(t, L) =0,
3°(0,-) = Pr(yo).
Let us define
¢ =y —7—p = pubu — B,
We have that ¢ = ¢(t, x) satisfies
Ot + Pz + Gzaz + GOz = _(¢a>z —b,
#(t,0) = ¢(t, L) =0,
¢x(ta L) = Oa
$(0) =0,
where a:= 2]—|—,0110/2Ozw +pw5w +60a

b= §ie + (o *Cw + puBu + %)) + il (e

02 BuwBus + prl 2 (@wB)z + pu(BuwB)a + BB

It is easy to see that there exists Cy > 0 such that for every z,yg € B{__.L2

1/2

16115 < Calllvollz2o.n) + 1211550,y (95)
1/2

lalls < Ca(llyoll 2o,y + 12 ogo. 1) (96)

3/2
b1l 0.7 220.2) < Callwollz2qo.ny + 12750,1.)- (97)
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One can also prove that there exists Cs > 0 such that for every f,g € B
1(f9)zllLr0,7.L2(0,2)) < Csl fllsllgll5- (98)
By Proposition 6, (97) and (98), there exists Cs > 0 such that
lolE < Cs(llollEllals + lvollZzo,z) + 1211720,

which, together with (95) and (96), implies the existence of €3 and C7 such that for
every z,Yyo € BEL3

3/2
6115 < Co(lyollz20.0) + 1217500.1.)- (99)
Finally, from (99) one obtains with C5 := C7 + 1

Iz = FoG(2)llL20,0) < Iz —FoG(2) = BT)|12(0,0) + 1B°(T) I 22(0,1)
16(T) | z20,2) + 1B°(T) || 20,1

3/2
< Crlllvollze.n) + 1213550 1) + lvoll 220,z
3/2
< Calvollzo.0) + 1215550.2)-
which ends the proof of Lemma 3.5. O

For w = (w1, ws) € R? fixed, let us study the map I := Py o Ay yr (- + pwzw)
on the subspace H (recall that p,z, = wip1 + wap2).
M:H— H,
U+— II(V) =T+ Py(yr) — Pu(F o G(¥ + pywzw)).
In order to prove the existence of a fixed point of the map II, we will apply the

Banach fixed point theorem to the restriction of II to the closed ball B N H with
R > 0 small enough. By using Lemma 3.5 we see that

ITL(®)|| 20,1 lyrllz20,0) + ¥ + pwzw — F o G(V + pwzw)|12(0,1)

372
lyrllz2(0,) + C3(llyoll2(0,z) + ||‘I’ + PwaHL/z(O L)
3/2
Cs(llyoll20,) + ||yTHL2(o L+ ol 2+ C3||\I/||L/2 0,L)

3/2
C2r + pil ) + C3|[ W30 1

where C4 := C3 + 1. Hence, if we choose R such that R3/2 < % and 7, py, such
that

VAN VAN VAN VAN

Cy(2r + p/?) < g

then it follows that
()|l z2¢0,.) < R and so II(Bj N H) C (BjNH).

It remains to prove that the map II is a contraction. Let ¥y, ¥y € Bé N H. Let
y=y(t,x), g =q(t,x), § = y(t,x) and ¢ = ¢(¢,x) be the solutions of the following
problems
Yt + Yo + Yoz + Yy = 0,

y(t,0) =y(t, L) =0,
yx(t,L) = G(\Ijl =+ pwzw)7
y(ov ) = Yo,

Gt + 9z + Guzx + 99 =0,
Q<t7 0) = Q(t’ L) =0,
qI(t7L) = G(\II2 + pwzw)v
Q(Ov ) = Yo,




74 EDUARDO CERPA

Yt + Yz + Yzazx = 0,
g(t’ O) = g(t7L> =0,
gr(t7L) = FO(\Ijl)a
9(0,) = Pu(yo),

Cjt + Cja: + Cia:xac = 07

(j(t, 0) = (j(tv L) =0,

@z(t, L) = To(P2),

q(0,-) = Pr(yo).

Let us define ¢ :=y — 7, ¥ := ¢ — ¢ and 7y := ¢ — 1b. One sees that ~ satisfies

Yt + Yo + VYoza + VYV = *('Ya)m -,
’)/(ta O) = ’Y(tv L) =0,

Ya(t, L) =0, (100)
7(0) =0,
where
a:=7y+v¢ and b:=(q(§—q), + G — DG~ Da-
It is easy to see that there exists a constant Cg > 0 such that
[bll 22 0.7,L2(0,L)) < Cs (llalls + 19l + 11dll) |9 — dll s, (101)
I(@y)zllzro,1,2(0,0)) < Cs (lalls + 19115 + [lgll5) 175 (102)
By using Proposition 6, (101) and (102) we get the existence of Cg > 0 such that
I7% < Co(llalls + 13lls + lldlls)* (17 — allz + [V13)- (103)

In addition, since w := g — ¢ satisfies the following linear equation
Wi + Wy + Wage = 0,
w(t,0) =w(t,L) =0,
wx(t,L) = Fo(\Ifl) — Fo(\IIQ),
w(0,-) =0,
there exists C1g > 0 such that
19 = dlls < CrolTo(¥1) = To(W2)|lL2(0,7)
and so, from (90), one gets
19 = dlls < CroD2||¥1 — Wallr2(0,1.).- (104)
Moreover, it is easy to see that there exists a constant C7; > 0 such that
lglls + lldlls + 1315 < Cur(llyoll 20,y + W1l 220,y + 1Wal 20,2y + pif?)- (105)

Thus, using (103), (104) and (105) we see that if R, p,,, 7 are small enough, it follows
that

1
Vs < 5”‘1’1 = Wallr2(0,1)-
Therefore, we have
[TH(W1) — TI(W2) |l L2 (0,0) <
(W1 — F oGV + pwzw) — W+ F oGV + puwzw)lz2(0,1)

1
= IVD)lz20,0) < 1lls < 511 = P2l r20,1),

which implies the existence of a unique fixed point ¥ (yo,yr, w1, w2) € BN H of
the map II| BLAH- Moreover, follows the more precise proposition.
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Proposition 14. There exist Ry > 0, D > 1, such that for every 0 < R < Ry,
for every yo,yr € BE/D, (w1, we) € R? with p, < R/D, there exists a unique

W (yo, yr, w1, w2) € BEN H fived point of the map H|BIL20H.

We now apply the Brouwer fixed point theorem to the restriction of the map

T: M — M,
w1 + w22 = Py(pwzw +y1r — F o G(pwze + ¥ (yo, yr, w1, w2))),

to the closed ball Bé N M with R small enough. Using Lemma 3.5, the continu-
ity (in a neighborhood of 0 € (L?(0,L))? x R?) of the map (yo,yr, w1, ws) —
U(yo, yr, w1, wz) and choosing r small enough, we get the existence of a radius
R > 0 such that 7(BgN M) C BEN M. This inclusion and the continuity of the
map 7 allow us to apply the Brouwer fixed point theorem. Therefore, there exists
(01,2) € R? with @} + w3 < R? such that W := U(yg, yr, w1, W) satisfies
Pur(yr — F o G(W + 111 + Wagp2)) = 0. (106)
Using the fact that
I(¥) = Py (U +yp — F oGV + 11 + aps)) = U,
we obtain R
Py (yr — F o G(V + w11 + W2p2)) =0,
which together with (106), implies that

yr = F o G(\if +’lb1§01 —+ '(I)QQDQ),

which ends the proof of Theorem 1.5 when M is two-dimensional.

3.3.2. M is one-dimensional. This case, which was in fact the first critical case
solved (see [18]) requires a higher-order expansion. Indeed, it was proven in [18,
Appendix B] that a second-order approximation is not good enough to get into the
set M :=< 1 — cos(z) >. Let us give an idea of the proof of Theorem 1.5 in this
case. We perform a third-order expansion y ~ ca + 23 + €3+, with « solution of
(69), B solution of (70) and  solution of

Yt + Yz + Vaezz = _(aﬁ)x7

(t,0) =~(t,L) =0,
(L) = wit), (107)

One first proves the following.

Proposition 15. ([18]) Let T > 0. There exists (u,v,w) € L*(0,T)% such that if
a, B, are the solutions of (69), (70) and (107), respectively, then

a(T,)=0, B(T,)=0 and ~(T,-) € M\{0}.
Proof. Tt is done by contradiction in a similar way to the proof of Proposition 12. [

Using this proposition we get v such that (7, -) = u(1 —cos(x)) for some p € R.
If (u,v,w) are the corresponding controls, then the new controls
=M, 0=2X\v, @w=Nw
are such that the new trajectories are & = A\, 3 = A28 and ¥ = A\3v. Thus,
a(T,)=0, B(T,)=0 and F(T,-) = pX3(1 — cos(z)).
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By choosing A € R in an appropriate way we can reach with 4 any state lying in
M.

Once this is known, we can proceed as in the two-dimensional case and use a
fixed point argument to get Theorem 1.5. This argument is explained again in next
section in the general case.

Let us notice that in this case there is no condition on the control time 7'

3.3.3. General case. Here and in the sequel, we denote by L a critical length such
that dim M > 2 and by P4 the orthogonal projection on a subspace A in L2?(0, L).

The first point is that for any j € J~, we can enter into the two-dimensional
subspace M;. The strategy is the same as in previous cases. We consider a power
series expansion of (y, h) with the same scaling on the state y and on the control h.
One has the following result that can be proved in the same way as before.

Proposition 16. Let T > 0. For every i = 1,...,n”, there exists (u;,v;) €
L2(0,T)? such that if a; = o;(t,x) and B; = B;i(t,x) are the solutions of

Qi + Qg + Qigze = 0,
ai(tv 0) = ai(tv L) =0,

Qia(t, L) = wi(t), (108)
Oéi(07 ) = 0,
and
Bit + 519: + Bzmzw = —0; g,
Bu(t, L) = vi(t), (109)
57.(07 ) = 07
then
Let us denote, for j =1,...,n~,

¢l == Pa, (Bi(T, .)).

From Proposition 16, ¢¢ # 0. Consequently, using scaling on the controls, we can
assume that [|¢![ 120,y = 1. Notice that the previous proposition says nothing
about <z§? for j # 1.

Now, we shall prove that we can reach all the states lying in the subspace

M~ = M,

i€J>
in any time T > T, where

>
< 1
T = ﬂ'Z(n> +1—i)—.

i=1 pi
In order to do that, we will strongly use the fact that if there is no control (i.e.,
h = 0) and if the initial condition lies in M; for j € J~ (i.e., yo € M;), then the
solution y of the linear KdV equation only turns in the two-dimensional subspace

M; with an angular velocity equal to p; (defined in (47)) and conserves its L?-norm.
More precisely, we have the following result.
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Lemma 3.6. Let j € J~. Let yo € M;. Let A >0 and ¢ € [0,2m) be such that

Yo = Acos(8)g] + Asin(8)g). (110)
Then the solution of
Yt + Yo + Yoz = 0,
y(t,0) =y(t, L) = y.(t,L) =0, (111)
y(ov ) = Yo
is given by
y(t, z) = Acos(pjt + 8)@] + Asin(p;t + 8)p). (112)

For the sake of brevity we introduce, for j € J~, § € R and yo € M, reading as
(110), the notation

R (yo,0) := Acos(8 + 8)¢) + Asin(8 + 6), (113)

i.e., RI(-,0) represents a rotation of an angle § in the subspace M;. Thus, the
solution of (111) can be written as

Proposition 17. Let T > T>. Let ¢ € M~>. There exists (uy,vy) € L*(0,T)?
such that if ay = ay(t,x) and By = By(t,x) are the solutions of (108) and (109),
then

Oéw(T, ) = 0, 5¢(T, ) = 1[)

Proof. First at all, let us notice that if L = 2krn for some k € N*, then M, =
(1 — cosz) and a priori Py, (By(T,-)) may be non-null. However, we know from
[18, Corollary 19] that a second order expansion is not sufficient to enter into the
subspace M,, and therefore Py, By (T.-) = 0. That is the reason for which we do
not care about the projection on M, of second-order trajectories.

The case n” = 1 has already been studied. Let us consider the case n> = 2,
i.e., where we have 2 subspaces, M; and M associated to (k1,11) and (ko,l2) with
p1 > po > 0 (for instance, L = 271/91 leads to the couples (k1,11) = (16,1) and
(k2,12) = (11,8)).

2
Let T > il + 1. Let T3 be such that
p1 b2

> and T-T, >+
P1 p1 P2
Let Ty > 0 and T, > 0 be such that

s
T.<Tp, T.<—,
b1

T, +Tp <min<T—T1—7T—7T,7T—7T,T1—7T).
b1 P2 P2 D1 P
Thanks to Proposition 16, there exist two pairs of controls, (u1,v1) and (ug2,v2) in
L?(0,T,) such that the respective solutions of (108) and (109), (a1, £1) and (az, 32),
satisfy
P (B1(Tey )) £ 0, and Pag, (5a(T., ) # 0.
With the notations introduced before,

{ (¢%7¢%) = (PMI (ﬁl(Ta '))7PM2(ﬁ1(T7 )))a
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We now use the rotation phenomena explained before and Proposition 16 to reach
a basis for the missed directions lying in M~. For the sake of clarity in our control
strategy, we define for a time t1,the following control in L2(0,T).

(0,0) if t € (0,t1),
(Ut17‘/tl)(t) = (Ul(tftl),’l)l(tftl)) 1ft€ (tl,tl +TC),
(0,0) if t € (ty +T.,7T).

This control becomes active at time t = t;, between t = t; and t = t,, it drives the
system to enter into the space M7 and after ¢ = to, it becomes inactive, producing
a rotation in M.

Now, we define the controls

) with tl =T -— Tc,

( ) witht;, =T - T, —
= (U, , Vi) witht; =T - T, —
( ) mmm:T—n—ﬁ—n

2111

Let of, 3] € B be the solutions of (108) and (109) with controls «] and vJ for
j=1,...,4 and let us denote

Wl = Py, BL(T,.) and ) := Py, BI(T, ).

It is easy to see that

¢1 - ¢1a 1;2
% *Rl(d)lvi) 1/}2 R2(¢%712)2TT;)
£13 - R1(¢17 ) - _(bi ¢3 R2(¢2 pzﬂ'),
il :Rl(—qﬁ%,png), 77[}2 ( 1,p2(T9+pL1)).

Thus, we have constructed some controls allowing to reach the missed states
Ui+, T3 ¢+, and Y+ 4.

Now, we define for a time t, the following control in L2(0,T)

(0,0) it € (0,t),
(ul(t — tg),vl(t — tg)) ift e (tg,tg + Tc),

(Ut vt ) =<{ (0,0) ift e (ta+Teta+ 7o),
(ul(tftgfﬁ),’t}l(tftgfpll)) ifte(t2+pll,t2+pll+Tc),
(0,0) if 1€ (tot = +1.,1),

which is the superposition of two controls of type (Uy,, Vi)
(Utza Vtz)(t) = (Ut2+ﬁa Viz-i—ﬁ) + (Utz>‘/t2)'

This fact means that the solution corresponding to the controls (U?2,V*2) is the
addition of two trajectories which enter into M and then turn during different times.
We define the following controls in L?(0,T).

= (U, V) withty =TT — = —T,,

( ) WitthZT—Tl—le—Tc—Te,
(Utz,Vt2) with tgzjj—irl—L—L—jjc7

( ) WiththT—Tl—l—L—TC—Tg.
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Let o, 33 € B be the solutions of (108) and (109) with controls u} and v} for
j=1,...,4 and let us denote

v} = Par, B3(T, )
Here, it is very important to note that, by construction and since p; > ps, one has
Py, B3(T,-) =0 and 5 = R*(¢7,p2Th) + R* (63, p2(Th + 7/p1)) # 0

Thus, we have constructed some controls allowing to reach the following missed
states

w%’ w%? wg, and wé?
where
¢% = R2(¢%7PQT9)7
wg = R2(¢%,ﬂ') = *11[}%7
V5 = R*(—3,p2Ty).
Furthermore, we have for k = 1,2
4 .
My = M} (114)
=1
where
M} = {djo} + di?;d), > 0,d2 > 0},
Mk - {dkwk + d wlwdk > Ovdi > 0}7
M3 = {dj)3 + dit; d), > 0,d2 > 0},
M= {dpapi + diapi; di > 0,d2 > 0}.

Let v € M~. From (114), we know that Py, (¢) € M} for some i € {1,...,4}.
Hence, there exist di > 0,d? > 0, such that

¥ = dig + AP+ P (v).
Let us write 1 as follows
b = di + By + didh + 25 + (Pus(v) — didh - dROET).
Since the states wz, )i lie in My, there exists j € {1,...,4} such that
Par, () — dighs — dist € M]
and therefore there exist d} > 0,d3 > 0 such that
= di(6] + 05) + ARt + gt + djed + djud

Thus, we have decomposed 1 in terms of reachables directions for the second-order
expansion. Now, we take the controls u,, vy defined by

Uy = \/d + d2 i+l + d + d2 J+1,

vy = divt + 2ot + diol + d2u)
and ay, By € B the corresponding solutions of (108) and (109), respectively. Here,
it is important to note that, with the choices of T',T7,T,. and T}y, the supports of
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the trajectories O‘i for Kk = 1,2 and j = 1,...,4 are disjoint and that all these
trajectories go from 0 at t =0to 0 at t =T, i.e.,

Oéi(o, ) = Oéi(T, ) =0.
Thus, it is not difficult to verify that
ay(T,-) =0 and By(T,")=1v¢

which ends the proof in the case n”> = 2. The previous method can be easily
adapted to the case where n~ > 2. In order to construct the controls needed in the
general case, our method requires a time of control T' greater than T~ . O

We assume in this section that L = 2kn for some k € N\{0}. Let us recall that
in this case we have

M, = (1 —cosz) and n”~ =n-—1. (115)
The proof of the following result follows Proposition 15. See [18, Proposition 8].

Proposition 18. Let T, > 0. There exists (u,v,w) in L?(0,T.)® such that, if
a, B, v are the mild solutions of

o+ ap + agyr =0,
a(t,0) = a(t,L) =0,

au(t, L) = u(t), (116)
a(0,.) =0,
615("’ fz + 6(zww ): —Qlry,
B(t,0) = pB(t,L) =0,
B(t, L) = v(t), (117)
5(07 ) =0,
'7t(+ ’;x + '}ézxaz ): _(O‘B)xv
t,0) =~(t,L) =0,
(6. ) = i), (11%)
7(07 ) =0,

then

n>

a(Te,.) =0, B(Te,.) = 0 and y(T.,.) = (1 — cosz) + > _ Pur,(V(Te, ).
i=1

The idea to vanish the projections of v(T,,-) on M;, and thus to reach the
direction (1 — cos(x)), is the same as before, that is, to use the rotation phenomena
given in Lemma 3.6. In addition, we use the fact that the function (1 — cosx)
satisfies

y(0) = y(2k7) = y,(2kmw) = 0.

The case n = 1 has already been considered. We deal with the case n = 2 (for
example, L = 147 leads to the couples (k1,11) = (11,2) and (kz2,l2) = (7,7)).

Let us define the following control lying in L?(0,T)3, where T > 7/p;. (Here,
we omit the time translation needed for the controls u,v and w which are defined
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n (0,7¢))
(0,0,0) ifte(0,T-T.— ),
_ ) (wow) ifte(T-To— 5T —77),
(U, 04, w ) (1) = (0,0,0) ifte(T—=,T-T.),
(u,v,w) ifte (T —-1T,,T).

By defining ay, 54,74+ € B as the solutions of (116) with control uy., (117) with
control vy and (118) with control w4 respectively, it is not difficult to see that

ay(T,) =0, 84(T,.) =0, v (T,.) =2(1 — cos x). (119)
Now, if we consider the control (u_,v_,w_) := (—u4, vy, —w4) we get
a_(T,)=0,08_(T,.)=0,v_(T,.) = —=2(1 — cos x), (120)

where obviously a_,5_,v_ € B are the solutions of (116), (117) and (118) with

controls u_,v_ and w_ respectively. Thus we can reach all directions in M in a
time T' > .
P

We can easily deduce the same result in the case n > 2. We just have to construct

a control that vanishes the components in the other missed subspaces M;, j € J~.
In order to do that, a time of control T', with

1
T>T":=7) —, (121)

is sufficient.

Let us apply a fixed point argument in order to prove Theorem 1.5 in the general
case. If L # 2km, then we can use the same proof as in the two-dimensional case
and get the controllability with Ty, = T~. Thus the only interesting case we detail
here is when L = 2kw and dim M > 2. We have to combine second and third order
approximations.

Recall that for L € N, we have n pairs (k;, ;) describing L. We have introduced
some important notations

> = {j;]{/‘j>l]‘}, n> |J> : @M

We consider the case where n” = (n—1) and consequently where M,, = (1 —cosz).
Thus we can write any z € L?(0,L) as

z = Py(2) 4+ p2¢. +d,(1 — cosx), (122)
where

pz = |Pr>(2)|200,0), P2z = Pu>(2), and d.(1—cosz)= P, (2).
Let us also denote, for D > 0 and R > 0,

BR = {€ € 2(0.D): el 2.0 < B).

From previous sections we have the existence of the controls u4, v4, w4 €
L2(0,7™) and for every 1 € M~, the controls uy,vy € L?(0,77). As we shall
see later, we need that the corresponding trajectories of first order a4 and «y, are
disjoint and therefore for every z € L2(0,L) written as (122), and for every T
satisfying

T>T,:=T"4+T~,
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we define the following controls lying in L?(0,7)

(0,0,0) ift e (0,7 —Tp),
(ﬂv @7 ’LZ))(t) = (us1 gn(d.)» Usign(d.)» wsign(dz))|(t—T+TL) ifte (T - TLv T-— T>)a
(0,0,0) itte(T—T>,T)

[ (0,0) if t € (0,7 —T>),
(8, 9)(t) = { (g, vp )@y it e (T =T7.T),

where we use the notation
sign(d) = {
Let yo € L?(0,L) be such that llyollz2(0,z) < 7, where r > 0 has to be chosen
later. Using (122), we define the functions G and F by

G:L%0,L) — L2(0,7),
1
s To(Pa(2)) + pFit pad + |daf3a + |d: 35 + |d.a,

+ ifd, >0,

— ifd, <O. (123)

F:BIL nL*0,T) — L*0,L),
hi— F(h):=y(T,),
where y = y(¢, x) is the solution of
Yt + Yz + Yzaz + YYz = 0,

ya:(taL) = h(t),
(0, ) = yo,

(124)

and e; is small enough so that the function F' is well defined.
Let y7 € L?(0, L) be such that ||yr|| < r. Let A, ,, denote the map

Ayoyr : BE N L?(0,L) — L*(0,L),
22— Ay o (2) =24+ yr — F o G(2),
where ¢4 is small enough so that A, ., is well defined (see Proposition 5).

Let us remark that if we find a fixed point z € L?(0, L) of the map A, ., then
we will have

FoG(2) =yr
which means that the control
h:=G(%) € L*(0,T)

drives the solution of (124) from yo at t = 0 to yr at ¢ = T. In the following
sections, we prove that such a fixed point exists.

Let us assert the following technical result which will be needed to study the
map Ay, yr-

Lemma 3.7. There exist e3 > 0 and C1; > 0 such that, for every z,yo € BEB, the
following estimate holds

2= F o G(=)ll 20,0 < Calllyollzzory + 12155 1.)-
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Proof. Let z,yo € L?(0,L). Let y = y(¢,x) be the solution of (92).
From (89) and the fact that p. < ||z|[z2(0,1), one deduces that if ||z|12(9,1) is

smaller than 1 (and therefore ||z||z2(0,r) < ||z||1L/22(0 L)), then there exists a constant
C5 such that

1/3
1G()z20.m) < C2llyollzz(0,z) + HZ|\L/2(0,L))~ (125)

L

-, the unique solution

Thus, one can find e4,C5 > 0 such that for every z,y9 € B
of (92) satisfies

1/3
lylls < Cs(llyollz2o.zy + 121 Fato 1) (126)
Let g, &, B, &, B, 7 and g be the solutions of

gt +g:c +gm¢x = 0,

4(t,0) =g(t, L) =0,

o (t, L) = To( Py (2)), (127)
9(0,-) = Pr(vo),

(128)

ﬁ:t + Bw +Awam = _dd:m
B(t,0) = B(t, L) =0,
Blt, ) = 0(0) (129)

ﬂ(ov ) =0,

(130)

(131)

T ot o

A(t,0) = 3(t, L) = 0,
a(1, L) = (1), 152
'7(07 ) =0,

\‘W
o
=
Il
<>
—~
\.@F
h
~
Il

(133)

NN PN N
~—~ 8
o=

Let us define
¢i=y—§—p2a—p.B—|d|"3a — |d.*3B — |d. |7 — 9.
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Then ¢ = ¢(t, z) satisfies

#(t,0) = ¢(t, L) =0,
6(t, L) =0, (134)
¢(07 ) = 07

where a:=y— o,

b= Gl + 00z + p2B80 + p2 2 (aB)s + |da |3 BB0 + |d. 573 (BA)a
+|d: |3 (67) 0 + |d2 1?2

+ (9020 + pB + a6 + |dL[2PB + |duJ7 + )
+ (026 + B0 + |25 + |del + )
+ (90d:] V36 + |da /3B + 1d: 1))

Here, in order to use equation (134) we need some estimates on its right-hand
side.

x

Lemma 3.8. There exists Cy > 0 such that for every z,yg € BE4,

1/3
lolls < Callvollzzo.r) + 1211500, 1)- (135)
1/3
lalls < Calllyoll 2o,y + 12 Fato 1) (136)
4/3
bl 0.7 220.2) < Calllwollz2qo.ny + 121750,1)- (137)

Proof of Lemma 3.8.

I¢lls < llylls + 175 + p22llélls + p:ll Blls+
=12 \@lls + d-1*2(181l5 + |d=17]l5 + |3 5
CUIGG) Lz, + llyollL2(0,1)) + CILo(Pr (2))l| 20,7y + w0l L2(0,1))
+ Cpt?lal 2o, + Co=(10]l 20y + 662l L (0,7,L2(0,1)))
+ Cld= "l 20y + Cl=*2 (9]l 20,y + ldell 1 (0,7,22(0,L))
+ Cld.|(||w (@8)all 1 (0.7,22(0.9)) + CllPar(wo)ll 20,1 -
By noticing that if z = Py (z) + p.¢, + d.(1 — cos(z)), then

2072 0.2y = 1PH (2120, + £Z + d2]I1 = cos(@)lI2o, 1)

and using (125) and (98), one gets (135). Estimate (136) follows from (135) and
the definition of the function a. To prove (137), one uses (98) being very careful
with the powers which appear. For instance, looking at the function b, one finds the

term (pi/2d|dz|1/3d) which apparently is not bounded by C4||z||i/23E0 p for z € BE.
This is the reason for which one takes the trajectories & and & disjoint. O

Thus, from (134) one obtains the existence of Cg > 0 such that

ol < Cs(llollzllalls + N1yoll 720,y + ||Z||L2(o L)

i.e., one has

613 (1 = CollalF) < ColllyollZao,c) + 12117500, 1,):
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which, together with (96), implies the existence of €5 and C7 such that for every
Z,Yo € BsL5

4/3
165 < Crllyoll 20,0 + 12117500, 1,)- (138)

Finally, from (138) one obtains

Iz = Fo Gl < 12— FoGz) + (T, Mraoy + | - (T, Yz
= oI, )20,y + 190, )l £2(0,1)
< 19lls + llyollL2(o,L)
4/3
< Crlllvollzzo.ny + 12l oo 1)) + lvollz2o.z)
4/3
< (Cr+ D (llwoll ey + 1201755 2):
which ends the proof of Lemma 3.7 with Cy := C7 + 1 and e3 := 5. O
We proceed now with the fixed point argument on the space H. For w =
(whw}, ... wh_ w2 |, w,) € R*~1 fixed, let us denote
n—1
U, = wp(1l —cosz) + Z(w]lcpjl +wip?), (139)
j=1

where the functions cp§- fori=1,2,j=1,...,n—1 are given in (48). Let us study
the map

II:=Pyo Ayony(' + W)
on the subspace H, i.e.,

I:H— H,
Ui— II(V) =Y+ Py(yr) — Pu(FoG(¥ 4+ T,)).

In order to prove the existence of a fixed point of the map II, we will apply the
Banach fixed point theorem to the restriction of II to the closed ball BE N H with
R > 0 small enough. Using Lemma 3.7 we see that
ITI(¥) | L2 (0,1 lyrllrzo,0) + [V + Wy — F o G(¥ + Wy)|[12(0,1)
4/3
lyrllz20,2) + Cilllyoll 2o,y + 19 + \ij||L/2(07L))
(€1 + D(llvollz20.0) + lyrll2c0.0) + [w*2) + Crll ][ 1

4
(Cr+1)(2r + [w|*?) + C1 [5G -

VAN VAN VAN VA

Hence, if we choose R, and w such that

R R
RY3 < 2 and (2 Py« 2
S5q, ad @rel) s 5ETTy

then it follows that
()| 2200,y < R and so II(Bh N H) C (BfNH).

It remains to prove that the map II is a contraction. Let Wy, Uy € BI% N H. Let
y=y(t,x), ¢ =q(t,x), § = y(t,x) and ¢ = §(¢, ) be the solutions of the following
problems

Yt + Yo + Yzzae + YYe = 0,
y(t,O) = y(t, L) =0,
Ya(t, L) = G(¥1 + ¥y,
y(0,+) = wo,
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Gt + Gz + Qrax +qqz = 0,
q(t,0) =q(t,L) =0,
Qm(t7L) = G(\IJQ + \Ilw)v
q(ov ) = Yo,

gt + 371: + gmzz =0,
4(t,0) = g(t, L) =0,

q4(0,-) = Pr(yo).
Let us define ¢ :=y — g, ¥ := q— ¢ and v := ¢ — 1. One sees that ~y satisfies
Ve + Vo + Vaze + VY2 = _('Ya)ac -0,

(t,0) = ~(t, L) = 0,
e 040

’7(07 ) =0,

where

a=y+1¢ and b:=(q@—7q),+ -G~ @
Recall that from (101), (102),(103), there exist constants Cg, Cg such that

6l 21 0,7,220,)) < Cs (lalls + |9lls + 1Gll5) |7 — |5, (141)
[[(a¥)ellLr0,1,22(0,2)) < Cs (lalls + 1915 + l1dll5) V] 5- (142)
17117 < Colllglls + 171l + lldlls)* (15 — dllz + I1v]1B)- (143)

In addition, since z := y — ¢ satisfies the following linear equation

z2t + 2p + Zagx = 07

2(t,0) = 2(¢,L) = 0,

zg(t, L) = To(W1) — L'o(V2),
Z(Ov ) =0,

there exists C1g > 0 such that
19— dlls < CrollTo(¥1) — Lo(¥2)ll2(0,1)
and so, from (90), one gets
19 = dlls < Cr0D2[|¥1 = Wa[12(0,1)- (144)
Moreover, it is easy to see that there exists a constant C7; > 0 such that
lalls + lldlls + 13lls < Cur(llyollz2o.) + 1¥1llz2(0.2) + [ Wall 20,y + [w]*/?).(145)

Thus, using (143), (144) and (145) we see that if R,|w|,r are small enough, it
follows that

1
17l < 5191 = P2lL2(0,L)-
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Therefore, we have

(1) = TL(W2)[[L2(0,) <
||\111 —Fo G(‘Iﬁ + \I/w) - \112 + Fo G(\Ifg + \Pw)HLZ(O,L)

1
= I (@Dllzz0.2) < 17lls < 511¥1 = Y2l r20,1),

which implies the existence of a unique fixed point ¥(yo,yr,w) € B5 N H of the
map H|B§mH-

Let us look for a fixed point in M. We now apply the Brouwer fixed point
theorem to the restriction of the map

T M — M,
\I/w'_> PM(\I”w_'_yT_FOG(\I/w+\IJ(y07yT7w)))7

to the closed ball BE N M with R small enough.

The controls @, 0,4, v and w can be chosen in such a way so that the function G
is continuous. Thus, it is easy to see that the map (yo,yr, w) — U(yo, yr, w) is
also continuous in a neighborhood of 0 € L?(0, L)? x R?"~!. Using this continuity,
Lemma 3.7, and choosing r small enough, we get the existence of a radius R > 0such
that T(Bé NM)cC Blg N M. This inclusion and the continuity of the map 7 allow

us to apply the Brouwer fixed point theorem. Therefore, there exists @ € R2"~!
with |w| < R such that ¥ := U(yg, yr,w) satisfies

Pu(yr — FoG(T + Ty)) = 0. (146)
Using the fact that
(V) = Py (¥ +ypr — FoG(U 4+ Ty)) =0,
we obtain
Pu(yr — F o G(¥ + Wyg)) =0,
which together with (146), implies that
yr = Fo G(¥ + V),

which ends the proof of Theorem 1.5.

4. Internal stabilization. This section is devoted to the proof of Theorems 1.6,
1.7 and 1.8. We define for each time the energy of the solution of our KdV equation
as its L?-norm

L
B) = [ ly(t.0) da.

We are interested in the long-time behavior of the energy F(t). More precisely
we want to prove the exponential decay of E(t) as t goes to infinity. First, we will
prove the stability for the linear system on a noncritical domain. Second, we deal
with the linear case on a critical domain. Finally, for the nonlinear system we will
get a local result and a semi-global result by applying two different approaches.
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4.1. Linear system on a noncritical interval. We consider the linear system

Yt + Yo + Yooz = 07
y(t,0) =y(t, L) = y.(t,L) =0, (147)
y(07x) = Yo,

for a noncritical domain L ¢ A. The observability inequality (29) holds, which can
be written for the direct linear system as follows

vT > O,HC > O,Vyo S L?(O,L)7 ny('aO)HL?(O,T) > C||y0HL2(O,L)- (148)

By performing integration by parts in the equation

L
0
we get
d L
ds Jo

and then by integrating on (0, 1) and using (148) with 7' = 1 we obtain the existence
of C such that

L L 1 1 L
[ wfde— [ n@Pde = [ s 0Pds < - g [l i,
0 0 0 0

that implies

|y(s,m)|2dx = _|yz(sa0)|2 <0 (149)

g 2 c? -1 [t 2
[ npde < <= [ (e e
0 0

Of course we also have

L 02_1 L
| e rapar < St [P s (150)

which gives the exponential decay to the origin of the solutions. Indeed, let k < ¢ <

k+ 1. From (149), (150) and denoting 7 := Cégl < 1, we have

E(t) < E(k) <yE(k—1) <E(k —2) <--- <4"E(0)

,ykJrl 1
= 5 E(0) = ;e(kJrl)ln(v)E(O) <

which ends the proof of Thereom 1.6 with @ = 0 in a noncritical domain.

e HMMIE(0)

2

4.2. Linear system on a critical interval. If there is no damping (a = 0), we
know from the controllability analysis that in a critical domain, there are solutions
of the linear system which do not decay to zero. In this way a dissipative mechanism
is needed in this case. We consider an internal damping given by the term a(z)y in

Yt + Yz + Yzaaw + ay =0,

y(t,0) =y(t, L) = y.(¢t, L) =0, (151)
y(O,x) = Yo,

with a € L*°(0, L) possibly localized in a small subdomain of (0, L):

{ a(x) > ap >0, Vrew,

where w is nonempty open subset of (0, L). (152)
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Proof of Theorem 1.6. By performing integration by parts in the equation

L
0
we get
d (L
ds
and then by integrating on (0,t) we obtain

/\(tnc)|2dsc—/ lyo(z)|? do = — /|y180|2d8 // (z)|y(s, z)|* dzds
0

The same proof as before runs if we are able to prove that VI' > 0,3C > 0 such
that

Vo € 20, L), 1y (+O)l30.1y + / / () (s, ) dadt > C2lyo 22 0.1 (154)

L
(s, 2)[2 d = — [y (5,0)° — / a()|y(s,2)[? dz < 0 (153)

From direct computations (as in (20) and considering the term ay), we obtain

1
”yOH%Q(O,L) < f||y||2L2(o T;L2(0,L))

+ {19 (+, 0 ||L2(0T)+2/ / x)|y(t, =) |? dedt, (155)

and therefore we will be done if we prove that there exists a constant K > 0 such
that

K12 0102000 < I Ol25 0y + / / (@\y(t, 2)|? dadt.  (156)

As we did in the proof of the inequality observability we proceed by contradiction.
By assuming that (156) does not hold, we build a sequence of initial data {y§ }nen C
L*(0, L) such that [|yg||r2(0,) = 1 and the corresponding solutions of (151) satisfies

lyz (-, 0)l[z2(0,) = O, / / x)|y"(t,z)|* dedt — 0, asn — oo

As previously, we can pass to the limit and get a nontrivial solution y € B of

(151) satistying
/ / 2)y(t,2)2 dedt = 0, (157)

which implies that ay = 0 and therefore the limit y is solution of
Yt + Yz + Yooz = 0. (158)

In order to get a contradiction, we have to use the property (152) of a = a(z).
Recall that w is a nonempty open subset of (0, L) as small as we want. From (157)
and (152) we get that the limit solution is zero in w, i.e.,

y(t,x) =0, VYo ew,Vte (0,T).

As the equation (158) is linear, latter condition implies the solution y is zero ev-
erywhere because of the Holmgrem’s Uniqueness Theorem. This is a contradiction
and consequently we have proved Theorem 1.6. O
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Remark 12. An ad-hoc Carleman estimate can also be used in order to quantify
this unique continuation property. In the context of KdV equations on bounded
domains, this kind of estimates have already been obtained. In [37, 24] some one-
parameter Carleman estimates are proved to get some boundary observability in-
equalities. In [2] a two-parameter Carleman estimate is obtained to solve an inverse
problem with boundary measurements. The latter can be easily adapted to obtain
the unique continuation property.

4.3. Nonlinear system. First, we prove Theorem 1.7, i.e., the exponential decay
of small amplitude solutions. This is basically a linear result deduced from applying
Theorem 1.6 to system

y(t,0) =y(t, L) = y.(t, L) = 0, (159)
y(oax) = Yo-

Proof of Theorem 1.7. Consider ||yo||z2(0,r) < 7 with r to be chosen later. The
solution y of (159) can be written as y = y* + y? where y! is the solution of

Y + Yz + Ygo +ay' =0,
yl(t’ 0) = yl(t7L) = yalc(t’ L) =0, (160)
yl((),x) =%

and y? is the solution of
Yi Ui+ View T Y7 = —Yla,
yz(tv O) - yQ(t7L) = yg(ta L) =0, (161)
y2(0,z) = 0.
Thus, from (150) and the energy estimates for linear systems, we have
ly(t M2,y < Ny (&)l L2 0,2y + I1°(E )l 2(0.2)

<llwollz2(0,z) + CllyyzllLr0,7:2200,0)) < YlYollz20,) + C||ZU||2L2(0,T;H1(0,L))
(162)

with v < 1. Of course we need somewhere a nonlinear estimate and it is here in
order to deal with the last term in the previous inequality. Let us multiply equation
(159) by xy and integrate to obtain

T L L T L
3 [ [ wdedcs [ alyropacz [ ol
0 0 0 0 0
T L L T L
:/ / Iy\zd:vdt+/ xlyolzd:c—2/ / zy.|yPdxdt.  (163)
0 0 0 0 0

T L T oL
3/ / zy |y 2 dedt = —/ / |ly|dxdt
o Jo o Jo

(3T + L) 2 (T rE
HyHQL?(O,T;Hl(O,L))ST”?JOHLQ’(O,L)J"g ) ly[*dzdt. (164)

Using

into (163) we get
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Asy e L*(0,T; H*(0, L)) and H'(0,L) embeds into C([0, L]), we have

T (L T L T L
| wPdsde < [“ s [ lsPdsie<c [l [ loPds
0 0 0 0 0 0

T
< ClylZ~o.r:2200,1)) /o [yl £ (0,)dt < CT1/2Hy0||2L2(O,L)||y||L2(0,T;H1(O,L))~

Thanks to this and (164) we obtain

(8T +2L) TC
19117207001 0,y < f”yOH%Z(o,L) + 77”%”%2(0,14) (165)

which combined with (162) gives the existence of C' > 0 such that

lly(t, )z20,2) < llvollz2(0,1) {”Y + Cllyollz2(0,2) + OHyOHi%O,L)} . (166)

Given € > 0 small enough such that (y+¢) < 1, we can take r small enough so
that r + 73 < &, in order to have

1y(2, )l 22 0.y < (v +&)llwoll 2 (0.2)

The rest of the proof runs as before thanks to the fact that (v +¢) < 1. Thus,
we end the proof of Theorem 1.7. O

Remark 13. In previous result, constants C' and p can be chosen as close as we
want to the corresponding constants for the linear result given by Theorem 1.6. Of
course, the smaller ¢ is chosen, the smaller is the radius r defining the set of initial
data for which the exponential decay rate is valid.

Now, we focus on the proof of Theorem 1.8. Here, we will deal directly with
the nonlinear equation in order to get the semi-global result. There arise two main
difficulties. On one hand there are nonlinear terms in the equation (159) which are
hard to deal with in order to pass to the limit as in the previous argument. On
the other hand, the nonlinear character of (159) prevents the use of Holmgrem’s
Theorem. Instead of that result we will have to use a nonlinear unique continuation
result. We will use a result by Saut and Scheurer, which can be written as follows.

Theorem 4.1. ([43, Theorem 4.2]) Let u € L*(0,T; H3(0, L)) be a solution of

Ut + Up + Ugaz + Uy =0
such that
u(t,z) =0, Vte (t1,t2),Vrew
with w an open nonempty subset of (0,L). Then
u(t,z) =0, Vte (t1,t2),Vz € (0,L).

In order to apply this result, we have to prove that the limit solution in our contra-
diction argument is more regular, at least in L2(0,7; H3(0,L)). See also [49, 22, 26].

Proof of Theorem 1.8. Let us notice that fOL y?yzdx = 0 and therefore the same
computations done in Section 4.2 say that if we integrate by parts in the equation

L
/ (Yt + Yo + Yoz + ay + yy2)y dr = 0,
0
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we get

L L
|t aP e [ (e do =
0 0
/|yz50|ds—// z)|y(s,x)|? deds.  (167)

The same proof as before runs if we are able to prove that VT, R > 0, 3K (T, R) > 0
such that

IOy + [ [ alyte o it Kol (169

for any initial data satisfying [yol|z2(0,z) < R. We can easily see that it is enough
to prove that for any T, R > 0 there exists a positive constant K = K (T, R) such
that

Kl 0102000 < (022000 + / / Dly(t,a)Pdedt  (169)

for solutions of the nonlinear system (159) with [[yol|z2(0,z) < R. Indeed, integrating
in time (167) we get

L
7 [ ) o <

// ta:|2dxdt—|—T/ |yxt0\2dt+T// (x)|y(t, z)|? dzdt,

which together (169) imply (168).
We assume that (169) does not hold. By choosing K = 1/n, we built a sequence
{y" }nen C B solving (159) with [|y™(0,-)||z2(0,z) < R and such that

||?J"H%2(o T; L2(o L))

lim = 00.
oo |lyn (., )”L’z 0,1) + fo fo x)|y"(t, :U)|2dxdt
We define A, := [|y™||L2(0,7;L2(0,1)) and v™ := ?)’\— We get that v, satisfies
v ol vl +av™ + Autul =0,
v"™(t,0) =v"(t, L) = vl (¢, L) = 0 (170)
H'Un“L"’(&T;L?(O,L)) = 1
and
lv2(-,0 HLz(O ) —|—/ / x)|v" (t, 2)|* dedt — 0 (171)
as m — 0o.

Notice that (155) still holds for solutions of the nonlinear equation thanks to the

fact
L
/ Y ydr = 0.
0

Using (155) we see that {v"(0, ) }nen is bounded in L2(0, L). From (165), {v"},en
is bounded in L?(0,T; H'(0, L)). Thus, we can prove that {v™v"}, ey is a subset of
L%(0,T; L'(0, L)). In fact

anUQHLZ(o,T;Ll(O,L)) < ||U"||C([0,T};L2(0,L))||U"||L2(0,T;H1(0,L))-
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All this is used with the equation (170) to say that {v}},en is bounded in the space
L?(0,T; H'(0,L)) and consequently (see Lemma 3.1) a subsequence of {v,}nen,
also denoted by {v, }nen converges strongly in L2(0,7; L?(0,L)) to a limit v with
vl z2(0,7;22(0,)) = 1. Furthermore,

T L
e (- 0) 2501y + / / o) o(t, 2)? dedt

T L
< lirginf {||v;’(~,0)||%2(0 ) +/ / a(x)|v”(t,m)2dxdt} =0
n—00 ’ 0 0

and therefore

v(t,z) =0, Vrew,Vte (0,T), andwv,(t,0)=0 Vte (0,T). (172)

Since [|y™(0,-)|[z2(0,0) £ R we can extract from {\,}n,en a convergent subse-
quence, still denoted by {A,}nen, such that A, — A with A > 0. Thus, the limit
function v satisfies

Vg + Uz + Vg + A0V, =0,
v(t,0) =wv(t, L) = v,(t,L) =0, (173)
[0(0, )20,y < R, [lvllzz(0,1:L2(0,)) = 1,
with either A =0 or A > 0.
We have now two possibilities:

o If A = 0, then v satisfies the linear equation and condition (172). Thus, we
can apply Holmgrem’s Theorem to get that the solution v is the trivial one
and get a contradiction.

e If A\ > 0, then v satisfies the nonlinear equation and condition (172). Moreover,
we can prove that v € L?(0,7; H3(0,L)). Indeed, let us consider u := vy,
which satisfies

U + Uy + Upze + AU+ Avu, = 0, (174)
u(t,0) = u(t, L) = u,(¢t,L) =0,
with
u(0,-) = —v'(0,-) — v""(0,-) — Av(0,-)v'(0,-) € H3(0, L)
and
u(t,z) =0, Vrew,Vte (0,T), anduy(t,0)=0 Vte (0,T).
From Lemma A.2 (in the Appendix) we get u(0,-) € L?(0,L) and so u =
vy € B. In this way, vppe = (—vi—v,—vv,) € L2(0,T; L?(0, L)) and therefore

v € L*0,T; H3(0,L)). We have used that v,v; € L2(0,7; H'(0, L)) and hence
v e C([0,T); H*(0, L)) in order to prove that vv, € L?(0,T; L*(0,L)).

Finally we can conclude that the solution v is the trivial one by applying
Theorem 4.1 and consequently we obtain a contradiction.

We have seen that any of two possibilities (A = 0 or A > 0) gives a contradiction,
which ends the proof of Theorem 1.8. O

Remark 14. The semi-global character of this result comes from the fact that even
if we are able to chose any radius R for the initial data, the decay rate p depends
on R. In the proof, we see that we were able to pass to the limit because the initial
data were bounded.
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5. Some open problems. In this section we state some open problems concerning
controllability and stabilization for the Korteweg-de Vries control system.

Open Problem 1. In Theorem 1.5, we get the local controllability for (65) provided
that the time of control is large enough. Is this condition on the time really nece-
ssary?

This is an interesting open problem since one knows that even if the speed of
propagation of the Korteweg-de Vries equation is infinite, it may exist a minimal
time of control. This is for example the case of a nonlinear control system for the
Schrodinger equation studied by Beauchard and Coron in [4]. They proved the
local controllability of this system along the ground state trajectory for a large time
and Coron proved in [16] and [17, Theorem 9.8] that this local controllability does
not hold in small time, even if the Schrédinger equation has an infinite speed of
propagation.

Open Problem 2. What is the minimal regularity of the solution u = u(t, z) in
Thereom 4.17

In the proof of Theorem 1.7 we use the Unique Continuation Principle for the
nonlinear KdV equation given by Theorem 4.1. To do that, we first prove that the
solution is regular enough. With a result requiring a less regular solution, this step
may not be necessary.

Open Problem 3. Let L be a critical length. Let yo € L?(0, L) and y the solution
of

Yt + Yo + Yozz + YYa = 0,
y(t70) = y(t7L) = yw(t’ L) =0,
y(0,-) = o

Does the solution y decay to zero as t goes to infinity?

In other words, the nonlinearity gives us the stability in the critical cases as it
does concerning controllability? In order to answer this question, a really nonlinear
method is needed because with a first-order approximation one obtains the linear
system which has some solution conserving its L?-norm. On the other hand, it
is not clear that the power series expansion method works. It strongly needs the
controls to be able to use higher-order approximations.

Open Problem 4. Is the system
{ Yt + Yz + Yzzae + YYe = 0,
y(t70) =0, y(ta L) = h(t)v ym(ta L) =0,
exactly controllable?
This equation was studied in [25] where they proved that the linearized system
around the origin is exactly controllable if and only if L does not belong to a set of
critical values, which is different to the one presented here. Does the nonlinearity

give the controllabilty? In this case, one difficulty is that there is no an explicit
expression for the critical lengths.

Open Problem 5. Is the system

{ Yt + Yz + Yzzow T YYz = 0,
y(t,0) =0, y.(t,L) = h(t), yua(t, L) =0,

exactly controllable?
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As in the previous open problem, the linear system is exactly controllable if and
only if L does not belong to a set of critical values, which is different from those
already mentioned. See [11] where the noncritical cases are solved as well as the cases
where two or three boundary controls are considered. To address this problem and
the previous one, a possible approach would be to prove the exact controllability of
the nonlinear equation around nontrivial stationary solutions (as proved by Crépeau
in [20, 21] in the case of homogeneous Dirichlet boundary conditions), and then to
apply the method introduced in [15] (see also [3, 4]), that is the return method
(see [13, 14]) together with quasi-static deformations (see also [19]). With such a
method, one should obtain the exact controllability for a large time. However, it
seems that the minimal time required with this approach is far from being optimal.

Open Problem 6. Is the system

Yt + Yz + Yzax + YYz = 0,
y(t,0) =y(t, L) =0,
yz(tv L) - yz(tv 0) = h(t)v

well-posed in L?(0,L) or H'(0,L)?

This problem is linked with the boundary stabilization. There are some feedback
laws h = F(y) stabilizing the linearized system around the origin (see [10]), but
for these boundary conditions there is no Kato smoothing effect allowing us to deal
with the nonlinearity.

Appendix A. Proofs of some technical lemmas.

Lemma A.1. The function S is not identically equal to 0.

Proof. Let a € ¥ and A = 2ai(4a® — 1). Let u € C and let y,, = y,(z) be a solution
of

{ 1y +y, +yn =0,
Yu(0) = yu(L) = 0.

We multiply (81) by y,, and integrate by parts on [0, L]. Thus, we get

L L
=it [ s = AL - 0) = [ neds. (7)

From now on, we set u = u(a) := —A + ip. With this choice we obtain from (175)

L
—5(a) (4, (L) — ,(0)) = / yr g yude.

Therefore, if we prove that the function
L
a€eY— J(a):= / yr¢p'yude € C,
0

is not identically equal to 0, the proof of this lemma is ended. Let b € R be such
that pu = 2bi(4b*> — 1). We take the function y,, given by

y#(x) _ De(—\/3b2—1—bi)ac + (1 o D)e(\/?)bz—l—bi)m _ e2biw7 (176)

where
e2biL _ (V3P —T-bi)L

b= e(—V3BZ=T—bi)L _ o(v/3bZ—1—bi)L’
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In the next computations, we use the fact that !l = ei2L = ¢l (see (49))
and the following formula

/L e(v—&-iw)x@/ _ (1 + ’Y% B 2]7/’71) (]- - €(v+iw+i71)L)('0i — w)
0 (vi—w)3 — (vi—w)+p
which holds if v + fw # —iv,, for m =1,2,3.

We want to show that as a — oo, the following expression diverges, which is in
contradiction with the fact that J(a) =0

(e(-V3P=T-ai)L _ (VBaP=T—ai)L(o(~VBIE=T-b)L _ o(v3D7=T-bi)L)
R(a) := 5 J(a).
L+a1 = 2p/m
In fact, by using (177), one computes explicitly J(a) and thus one sees that as a
tends to infinity, the dominant term of R(a) is given by

(177)

e(—ai—bi)L _ e(ai+bi+'yli)L)(_2a _ 2b)
(—2a — 2b)3 — (—2a — 2b) +p
e(ma =)L (_i\/3a2 — 1 —iy/3b2 — 1 +a+b)
(—iv3a2 —1—iV3b2 —1+a+b)3— (—iv3a2 —1—iV302 —14+a+b) +p
elattbit L (5/302 1 4 4/3b2 — 1+ a + b)
(iv3a2 —14+iv3b02 — 14+ a+b)3 — (iv3a2 — 1+ iV3b2 —1+a+b) +p
e(aiﬂ—bi-&-mi)L@W 1a— 2b)
iv3a2 — 14 a —2b)3 — (iv3a2 —14+a —2b) +p
e(mai=00L (i /302 — 1 — 2a +b)
(—iv/3b2 =1 —2a +b)3 — (—i/3b2 — 1 —2a +b) +p
6(ai+bi+»y1i)L(,L-\/3b27_ —2a + b)
iv3b2 — 1 —2a +b)3 — (ivV3b2 — 1 —2a+b) +p
e(=a=b)L(_i\/3aZ — 1 + a — 2b)
C(—iv3BaZ —1+a— 2b)3 — (fi\/3a2771+a72b)+p}
Using that as @ — oo, b — —oo0 and a + b ~ —p/(24a?), we obtain the following
asymptotical expression for the right hand factor of Z(a),

_p_; P il i1 L .
—(e2aa2 il oo 'L'H’YlL) { _(Q—em") if il £1,
~Y

Z(a) == e(\/3a2—1+\/3b2—1)L{<

+

T

T

. 1L2a2 )
12a2 AP if el =1,

" 144a*

One can see that in both cases Z(a) diverges as a — oo and therefore R(a) does,
which implies that J(a) is not identically equal to 0. It ends the proof of this
lemma. O

Lemma A.2. ([33, Lemma 3.2]) There exists a constant C = C(T, R) such that
it s O) 0.+ 10, s,y = Cllu0, )220 1

holds for any solution w of (174) with v solution of (173).

Proof. By multiplying (174) by (T — t)u, we can deduce

1 T L
0,021 < s rinoy + s Oy + [ [ velutt o) doc
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Using previous estimates and

T L T
/0 / valult, 2)|? dedt < / el 2.0 el 2400

< ||U||L2(0,T;H1(0,L))HU||%4(0,T;L4(0,L))
we get a constant C' = C (T, R) such that

[0(0, |72 (0,2) < CllwllFao.r:040,0y) + 1 (- 0|72 0,7) (178)
We see that in order to prove this Lemma it is enough to prove
Hu”%‘*(o,T;L‘l(O,L)) <C {||Uz('a0)||%2(o,:r) + [u(0, ')”%I-%O,L)}

We argue by contradiction. Then, there exists a sequence {u"},en C B solving
(174) with |[u"(0,-)|[z2(0,z) < R and such that

[ H%‘I(O,T;L“(O,L))

lim = 00.
n—o0 ||u£(',0)||%2(oj) + ||u8||?1—3(o7L)
We define A, := [|u"|| p1(0,7;24(0,1)) and w™ := K—n We get that w,, satisfies

w(t,0) = w"(t,L) = wg(t, L) =0, (179)
lwnll L4 (0,7;040,2)) = 1
and
[wi (-, 0) 1720,y + 10" (0, )| F-s(0,2) = O (180)

as n — 0o.
We can check that w™ is bounded in L?(0,T; H*(0, L)) and that

H(uwn)w||L2(0,T;L1(O,L))

< ||wn||Loo(0,T;L2(0,L))||UHL2(0,T;H1(0,L)) + ||U||L<>°(0,T;L2(0,L))||wn||L2(o,T;H1(0,L))

By using the equation, we see that {w?},cn is bounded in L2(0,7T; H=2(0,L)).
We claim that {w"},ey is bounded in L*(0,T; Hs(0,L)). Indeed, as {w"}nen
is bounded in L2(0,T; H'(0,L)) and in L*(0,T;L?(0,L)), and consequently in
L4(0,T; L?(0, L)) for any g > 0, we can interpolate between L>(0,T; L?(0, L)) and
L2(0,T; H*(0, L)) to get that {w"},ey is bounded in L*(0,T; H& (0, L)).

Thanks to Lemma 3.1 and the fact that the embedding H6 (0, L) < L*(0, L) is
compact, we get that

w"™ — w, strongly in L*(0,T; L*(0, L))

with ||w||L4(O,T;L4(O,L)) = 1. In addition

wa('vO)H%?(QT) + |w (0, )| 20,1
< timinf { w} (-, 0)[[32(0,r) + 0" (0, )l 20,1y } =0

As w is the solution of (174) with intial data w(0,-) = 0, then w must be zero
and we get a contradiction, which ends the proof of this lemma. O
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